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BBenenue

MareMaTuyeckoe  MOJCIHMPOBAHUE  CYLIECTBOBAJIO  CTOJIBKO,  CKOJIBKO
CyIIECTBYET HayKa KaK COLMAIBHOE SBJICHUE, KaK CPEACTBO IIO3HAHUS MHUpPA H
IOTBITKA MPUCIOCOOUTHCSI K HEMY M, HACKOJIBKO BO3MOXHO, IIOCTaBUTh ceOe Ha
cinyx0y ero sieHus. Camo cebe BOCHpUATHE OOBEKTOB OKPY)KAIOIIETO MHUpa
COJIEPKHUT CMBICI MaTEMaTHYECKOTO MOJEIMPOBAHMS KAaK H3yYEHHE HUX HE BO
BCEOOIIEH MOJHOTE, & KaK HEKOTOPOW MX YNPOIIEHHOW Konmuu. C pa3BUTHEM HAYKH
BO3HUKJIA MOTPEOHOCTh 00pPabOTKU €€ pe3yJIbTaTOB, MOJYYCHHBIX B BHUJIE KaKUX-TO
3aBHUCHUMOCTEH (Hampumep, auddepeHanIbHbIX ypaBHEHUI), U 3Ta o0paboTka
MPUBOIMIIA K HEOOXOJUMOCTH HEIIOMEPHO CJIOKHBIX BbIUKMCIEHUH. Takoe nojgoxeHue
JIeJ 1AJI0 CTUMYJI Pa3BUTHIO YMCICHHBIX METOJI0B M BBIYMCIUTEIBHBIX CPEICTB, HO U
MaTeMaTHYeCKOMY MOJEIMPOBAaHMIO, Korja Oojee yaadHas MoJelnb OObeKTa
[IO3BOJISUIA M IIOJIy4aThb HOBOE 3HAHME W B BHJIC KAYECTBEHHBIX PE3YyJIbTAaTOB, U KaK
CJIEICTBHE HCCIEAOBAHUS WM PELICHHUS MEHEE CIIOKHBIX BBIYHUCIUTEIBHBIX CHUCTEM.
Taxum 00pa3oM, MaTeMaTHYECKOE MOJIETUPOBAHUE — ATO U BCEOOBEMITIOIIAS HAyYHAast
JUCLMILIMHA, U TOTAJIbHBIN MeToA uccaenoBanusi. OcoOEHHOCThIO MATEMATUYECKOTO
MOJICJIMPOBAHUS SBJISIETCS 00Iasi cXemMa U3Yy4EHHUs, BO3MOXHO, JIIOOBIX OOBEKTOB U
METOJUKAa KOHCTPYHpPOBaHMSI U OOpabOTKM MaTeMaTHYECKUX MOJEJeH BHE
3aBUCUMOCTH  OT KX KOHKPETHOIO CMbICHA. AJEenTel  MaTeMaTH4eCKOro
MOJEIIMPOBAHUSL YTBEPKAAIOT, YTO BCS COBPEMEHHAash TEXHUKA W TEXHOJIOTHS,
MHTEPHET, aBUALUsA, TPAHCIOPT, KOCMOC, KOMIIBIOTEPbl M OPITEXHHWKA, ATOMHAs
SHEPreTHKa, MAallMHOCTPOCHHE, MPUOOPOCTPOEHUE, CPENICTBA CBSI3M M YIIpaBJIECHUS,
ONpENEIUBIINE COBPEMEHHOE COCTOSHME JKM3HHM, OCHOBaHbl Ha ycIexax
(yHIaAMEHTAIbHON HAYKHU U SIBIISIOTCS IETUILEM MAaTeMaTUYECKOr0 MOAECIUPOBAHUS.

[lenn w 3amauyM MaTeMaTHYECKOTrO MOJEIMPOBAHUS MOTYT OBITh KpaTKO
c(OpMyJIMPOBAHbI KaK Ka4eCTBEHHOE M KOJIMYECTBEHHOE M3yUYEHHE BCEBO3MOKHBIX
O0OBEKTOB U ABJICHUHN MPUPOJBI, TEXHUKU U obmiecTBa. [Ipu 3TOM noj KaueCTBEHHBIM
U3YYEHUEM TOAPA3YMEBAETCSA JOCTH)KCHHE ITOHMMAHUS CYLIECTBA M3y4aeMOro
00BbEKTa, €ro CBOMCTB, IMOBEJCHUS, BO3MOXHBIX SBJICHUH M ONPEICISIIONIUX HX
npuuuH. OOIIas cxemMa MaTeMaTHYeCKOro MOJEIMPOBAHUS B 3HAYUTEIBHOU Mepe
ycTosilach, a €€ peaju3alus omnupaeTcss Ha (yHIAMEHTaJIbHYIO HAyKy, METOJbI
UCCIIEJIOBAaHUSI MAaTEMaTHYEeCKHMX Mojenell (aHaIUTUYECKUEe, KAueCTBEHHbIE W
YUCJICHHbIE) M Ha COBPEMEHHYIO BBIYMCIHMTEIBHYIO TEXHUKY. Bmecrte ¢ Tem
MPOJyMBbIBAHUE 3TOH CXEMbl OOHApYXKMBAae€T B HEW NEUCTBUS, HEMOANAIOIIMECS
dopmanuzauu. ITo MPEXIe BCEro OTHOCUTCS K MOCTPOSHUIO MOJIENIM U OTYACTH K €€
uccienoBanuo. To, yTto He (QopmManu3zyemMo, MOXKHO OTHECTH K HCKYCCTBY
MojenupoBaHus. TpeOoBaHHS OT MaTEeMaTHYECKOTO MOJECIMPOBAHUS TOYHBIX
KOJIMYECTBEHHBIX PE3YyJbTATOB M MOJHOTO KAa4eCTBEHHOTO MCCIIEIOBAaHUsS Ipoliecca
WM 00BEKTa MPOTUBOIOIOKHBI: IEPBOE TPEOYET JOCTATOYHO MOJIHOTO Y4eTa MHOTUX
(akTOpOB, YCIOKHSIOUIMX MOJEIb; BTOPOE, HAIPOTUB, TEM OoJiee peaanu3yemMo, 4eM
IIPOILE MOJIEIb.

[Ipu wucciaenoBaHuM OOBEKTAa €CTECTBEHHO CTPEMUTBHCS K IOCTPOEHUIO
BO3MOXHO 00JI€€ TPOCTHIX MOJIETIEH C TOUYKHU 3PEHUS BO3MOKHOCTEH pabOThl C HUMH,
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HO OOECMEYMBAIOIIUMHU  «YAOBIETBOPUTENIbHYIO  aJ€KBATHOCTH»  HM3y4aeMbIM
oObekTaMm. Brnpouem, ecny MoOAeNM JIMIIb YaCTUYHO U OJHOCTOPOHHE OLIEHUBAIOT
paccMaTpuBaeMbIil 00BEKT, NIl KAUeCTBEHHOM, a MHOTJIA M KOJTMYECTBEHHOM OICHKH,
OHM IIOJIE3HBI, IPUYEM IIOJYYECHHBIE C UX ITOMOIIBIO NPEICTABICHUS IO3BOJISIOT
CTPOUTH O0JIEE TOUHBIE MOJIENH («KacKam Moaelel). Ha mpumepe npocTbix MOAENen,
WCIOJIb30BAaHHBIX B TMOCOOHMM, paccMaTpUBACTCA CYHIHOCTh MaTeMaTHYEeCKOTO
MOJEJIMPOBAHUS, 0OIIKE MPUHLIHUIIBI TOCTPOEHUSI MAaTEMATUYECKUX MOJIENIEH, CPEICTBA
Y UCTOYHUKH TOJYYEHHUS] MATEMAaTHYECKUX MOJIENIEN, KOPPEKTHOCTh IPUMEHEHHS TEX
WIM UWHBIX HAy4YHbIX 3HAHWUM, BO3MOXKHBIE HEKOPPEKTHBIE TMOAXOIbI K
MaTeMaTHYECKOMY MOJEIUPOBAHUIO, YTOUHEHUE MATEMATUYECKUX MOJIENICH U T. 1.



1. CyI[lHOCTI) MATEMATHICCKOIO MOJAC/IMPOBAHUSA

TexHru4ecKue, 3KOJOrNYECKHe, SIKOHOMUYECKNE, OMOJIOTUYECKHE, COLIMAIbHbBIE
U VHBIE CHCTEMBI, M3y4aeMble COBPEMEHHOM HAyKOW, BCE dalle HE NOAJAOTCS
HCCJIEOBAHUIO (B HY)KHOM IOJHOT€ M TOYHOCTH) OOBIYHBIMH TEOPETUYECKUMH
meTonamu. [IpsiMoil HaTypHBIA AKCIIEPUMEHT HaJ HUMHU JOJIOT, JIOPOr, YacTo JUOO
oraceH, JM00 MOMPOCTY HEBO3MOKEH, TaK Kak MHOTHE U3 3TUX CUCTEM CYIIIECTBYIOT B
«EIMHCTBEHHOM SK3EMIUISIpE» MO0 MPUHAIIEKAT MUKPO- WIM MaKpOMHUPY U HE
MO3BOJISIIOT ¢ HUMH MaHUITYJIHpoBaTh. [leHa ommboKk U mpocueToB B 0OpalieHu co
MHOTHMH CHCTE€MaMH HEJOMYyCTUMO Bbicoka. [loaToMy maTemaTmyeckoe (mmpe —
UH(OPMAIITMOHHOE) MOJICIMPOBAHUE SIBIISIETCA HEM30EKHOW COCTABISIONICH HAYYHO-
TEXHUYECKOro mnporpecca. Cama TMOCTaHOBKa BOMNpPOCA O MaTeMaTHYECKOM
MOJEIIMPOBAHUU KAKOro-TMO00 OOBEKTa MOPOXKAAET YETKUMH IulaH aercTBui. Ero
MOKHO YCJIOBHO Pa30UTh Ha TPU ATara: MoJIeJIb — aJrOpUTM — IpOorpaMma.

Ha nepsom smane BbIOMpaeTcsi (WU CTPOUTCS) «OKBUBAIEHT» OOBEKTA,
OTpaXKaOUUM B MaTeMaTU4YecKol (opMe Ba)KHEWIME €ro CBOMCTBA — 3aKOHHBI,
KOTOPBIM OH MOJUYMHSETCS, CBSI3H, NPUCYLIME COCTABILIIOIIMM €r0 4acTsAM, U T. I.
MaremaTtuyeckass mojnenb (win ee ¢GparMeHTbl) HCCIEIYETCS TEOPETUYECKUMU
METOJJaMH, YTO MO3BOJIAET MOJyUYUTh BaXKHbIE IIPEIBAPUTENIbHBIE 3HAHUS 00 0OBEKTE.

Bmopoti sman — Bp160p (WK pa3paboOTKa) aNropuT™Ma AJisl peanu3alii MoIeIu
Ha KoMmImbioTepe. Mojenb mnpezacrasisiercs B ¢opme, yA0O0HOW IUisi NPUMEHEHUs
YUCJICHHBIX METOJIOB, ONPEIEISAETCS I0CIENI0BATEIbHOCTh BBIYMCINUTEIBHBIX U
JIOTUYECKUX ONepauuii, KOTOpble€ HY)XHO IPOU3BECTH, YTOOBI HAWTU HCKOMBIE
BEJIUYMHBI C 33JaHHOW TOYHOCTBIO. BBIYMCIHMTENBHBIE ANTOPUTMBI JOJDKHBI HE
MCKa)XKaTh OCHOBHBIE CBOMCTBA MOJIENH U, CIIEOBATEIBHO, HCXOJAHOIO 00BEKTA, OBITH
SKOHOMUYHBIMH M aJaNTHPYIOUIUMUCA K OCOOEHHOCTSIM pellaeMbIX 3aJad U
HCIIOJIb3YEMBIX KOMIIBIOTEPOB.

Ha mpemvem smane co3par0TCs NPOrpaMMbl, «IEPEBOIAIIME» MOJEIb M
QIrOPUTM HA JIOCTYMHBIA KOMIBIOTEPY s3bIK. K HUM Takxke MpeabsBIsIOTCA
TpeOOBAHMSI SKOHOMUYHOCTH M aJaNTUBHOCTH. MIX MOXHO Ha3BaTh «3JIEKTPOHHBIM
SKBUBAJIECHTOM HU3Yy4aeMOro OOBEKTa, YK€ MPUTOJHBIM JUIsl HEMOCPEICTBEHHOIO
UCIIBITAHMS HA «IKCIIEPUMEHTAJIBHON YCTaHOBKE» — KOMIIBIOTEPE.

Co3zniaB TpHaxy «MOJEIb—aJrOPpUTM—IIPOrpaMMa, UCCIIEI0BATENb MTOIyYaeT
B PYKH YHHBEPCAJIbHBIN, THOKHH M HEIOPOro HHCTPYMEHT, KOTOPBIM BHadale
OTJIQXKUBAETCS, TECTUPYETCS B «IPOOHBIX» BBIUMCIUTEIBHBIX IKcHIepuMenTax. [locne
TOTO0 Kak aJIeKBaTHOCTb (JJOCTaTOYHOE COOTBETCTBUE) TPHUAJbl UCXOJHOMY OOBEKTY
yIOCTOBEpPEHA, C MOJEJBI0 MPOBOAATCS pa3HOOOpa3Hble U MOJIPOOHBIE «OMBITH),
Jarolme Bce TpeOyeMble KauyeCTBEHHbIE U KOJMYECTBEHHBbIE CBOWCTBA W
XapakTepucTuku oObekTa. [Iporiecc MoaenpoBaHusi COMPOBOKIAETCS YIyUIlIEHUEM
U YTOYHEHHUEM, 110 Mepe HEOOXOIUMOCTH, BCEX 3BEHbEB TPUA/IbI.

Boigenum psaa Tem, SIBIASIOIIMXCS KIFOYEBBIMU ISl PA3BUTHS U MPUMEHEHUS
METO0JIOTUU MAaTEMATUYECKOr0 MoienpoBanus. K HUM oTHOCATCS:

BOIIPOCHI UCANIM3ALMU U YIPOILEHUS M3y4aeMoro o0beKTa U (GOopMyIUpOBKa
COOTBETCTBYIOLIMX MTPEAIOI0KEHNM;



OpUMEHEHHE Kak cTporux npoueayp (dyHAaMeHTanbHbIE  3aKOHBI,
BAPUALIMOHHBIE NPHUHLMIBI), TaK M METOJAa AHAJIOTMA M JAPYIHMX MOAXOJOB K
MTOCTPOEHUIO MATEMATHYECKUX MOJEINIEH (B TOM YHCIIE U TPYAHOPOPMAIN3yEMBIX);

METO/bl KAYECTBEHHOTO HCCIEHOBaHUS MaTEMaTHYECKUX MOJENEH, B
0COOCHHOCTH HEJIMHENHBIX

noctpoeHrne S()(OEKTUBHBIX BBIUUCIUTENBHBIX aJITOPUTMOB, PEATU3YIONINX
MOJEIIH.

Buowi ypaenenuti u cucmem ypasneHutl, UCHOIb3YEMbIX 8 HENPEPbIBHbIX
Mamemamuyeckux Mooesx

Yucro QyHKIMOHANBHBIE; anreOpandeckue, OObIKHOBEHHbIE Iu((epeHInanbHEbIC,
OOBIKHOBEHHBIE (PYHKIIMOHATBHO-AU(PPEpeHIInaIbHbIe, B TOM YHCIE YpPaBHEHHS C
3ama3JpbIBAHUEM; YPABHEHUS B YACTHBIX NPOW3BOJHBIX; MHTErpajbHbIE (MIEPBOrO H
BTOPOTO pO/ia), HHTETPO-Au]PpepeHIinanbHble, CHHTYISIPHO-UHTETPAIbHBIE.

BwmecTe ¢ cuctreMaMmu ypaBHEHUN MaTEMaTUUECKHE MOJIENIN COJIEPKAT KaKHe-TO
JOTIOJTHUTENbHBIE YCIOBUSL M OrPAaHUYECHHUS Ha KJIACChl HEU3BECTHBIX (DYHKIIMIA,
(yHKLIHOHAJIOB, ONIEPAaTOPOB, B TOM YHCII€ HaYaJbHbIE, TPAHUYHbIE, PACIPEACICHHbIC
YCIIOBUS, TPAHUYHbIE YCJIOBUS JUIsl AQHAIUTUYECKMX (PYHKUIMHA, KOMOMHAIIMM 3THX
YCIJIOBH, OTPAHUYEHUS B BUJI€ CUCTEM YPAaBHEHUI U HEPABEHCTB U MHOTHE APYTHE.

MarteMaTtnyeckoe MOJAEIHPOBAHUE — 3TO OCHOBHOW METOJ PEIICHMS 3a]a4
IPUKJIAJHON MaTEMATHKH, B KAKOM-TO CTEIIEHH, 3TO U €CTh IIPUKJIAJHAs MaTeMaTHKa.
B MM Ha craguu ncciaeaoBaHus MOJIEIN aKTUBHO HCIIONIb3YETCS YUCTAasi MaTEMaTHKa
C €€ CTPOro JIOTUYECKUM, «IE€AYKTUBHBIM» METOJOM J0KAa3aTEIbCTBA YTBEPKICHUN U
BbIBOJIOM (hopMmyit. OiHaKo OHA (YMCTasi MaTEMATHKa) HE SIBJIETCS TJIaBHOU reporHei
HCCIIEAOBaHMS MOJICNIH. [[eliCTBUTENILHO,

1. IlpubnuxkeHHble U (WIM) UHKEHEPHBIE MOAXO0/bI IUIFOC YUCIEHHBIE METO/bI, KaK
MpaBUJIO, OKa3bIBAIOTCS Ooisiee 3(PGEKTUBHBIMHU [JISl TOJTYYEHUS KOHKPETHBIX
pE3yIbTATOB, T.K. HE CBSI3aHbI «BEpUTaMU» MaTEMaTHUYECKON CTPOTOCTH.

2. Tlocme BBemeHWss B TPOIECCe  MOJCIUPOBAHUA  psAa  YIPOIIAOIIMX
MPEANOI0KEHNN U MPUOTMKEHUN HACTAaMBAaTh HA TOUHOM DPEIICHUU TOTyUYEeHHON
3aJ1a4¥ 110 MEHBIIIEH MEPE CTPAHHO.

C npyroil cTOpoHbl, 37€Ch TAUTCS] ONACHOCTh MOJIYUYEHHS OIIMOOUHBIX C TOUKH 3PEHUs

LIEJIEBOTO  WCIIOJIb30BAHMUS  pE3yJbTaTOB, IO3TOMY HEOOXOAHWMO, MpPUMEHss

OpUOIMKEHHBIE METOAbl (BO MHOTHX CIydasxX 3TO MPOJOJDKEHUE YNPOILEHUS

MOJIeJM), HEYTOMHMO TMpPOBEPATh UX HATYpHbIMU (€CIM  BO3MOXHO) U

BBIYHCIINTEIbHBIMU SKCIIEPUMEHTAMH, CPABHEHUEM C YK€ PEIIEHHBIMH, B TOM YHCIIE

AHATUTUYECKUMHU TOYHBIMU METOJAMH, MOXO0KMMHU 33Ja4aMH, U 3/PaBbIM CMBICIOM

TOXe.



2. O0mue NPUHIIMIIBI MOCTPOEHUSI MATEMATHYECKUX MojieJieil

[Ipouiecc mMOCTpOECHHUSI MAaTEMATHYECKUX MOJENEH MOKET ObITh YCIOBHO pa3OUT Ha
CJIEIIOLUE ATAIbI.

1. KoHCcTpyrpoBaHre MOAEIN HAYMHAETCS CO CIIOBECHO-CMBICIIOBOTO OMMCAHUS
00BEKTa WJIU SIBJICHUS, CBEICHUM 00IIEro XapakTepa O Mpupojie 00bEKTa, IENsIX ero
UCCJICIOBAHMUSI.

2. Co3nanue (ommcanue) @usuuecxkou moldenu. Ha 3Toi craguu BBOIATCS
yHOpouiaoume MpeanojoxkeHus o (uandyeckux CcBOMCTBax Mojaenu. Hampumep,
MexaHudeckue ceolicmea: HEeBeCOMOCTb (CTepKEHb, HUTh), OJIHOPOTHOCTh MaTepHalia
(OIMHAKOBOCTh €ro CBOMCTB BO BCEX TOYKAaX), CIUIONIHOCTH (OTCYTCTBHE IIOD,
MUKPOTPEIINH, JOKAIbHBIX IIyCTOT), H30TPONUs (HE3aBUCUMOCTh CBOMCTB MaTepHalia
OT HampaBlieHui). ['eoMeTpuyeckue XapakTEPUCTHKU (TOJICTBIM CIIOM BEIIECTBa,
TOHKas MPOCJIOiKa U3 IPyroro mMaTepualia, TOHKOCTEHHas 000Ji0uka). Pusuyeckue
ceolicmea: MPSIMOJIMHEHOE paclpOCTPAHEHUE CBETOBBIX JIy4Yel, OTCYTCTBHE BHELITHUX
BO3JCUCTBUM HA OOBEKT, U T. II.

[Io BO3MOXHOCTH HACATU3ZUPYIOLIUE MPEANOIOKEHNUS 3alUChIBAIOTCA B
MareMaTudeckor (popme (Hanpumep, B BUJI€ YPaBHEHUI, HEPABEHCTB, BKIIOUEHUH ), C
TEM 4TOOBI UX CHPaBEIMBOCTh MOAaBaNIACh KOJIMUYECTBEHHOMY KOHTPOJIIO.

3. Cnenyromuii 3Tan — 3aBeplleHue uaeanu3annn oobekra. OTOpaceIBaroTCs BCe
(pakTopbl ¥ 3¢ (HEKTHI, KOTOPBIE IPEACTABIAIOTCS HE CAMBIMH CYILIECTBEHHBIMHU JIJIS €I0
noBeAcHUs. Mano  HM3MEHSIIKMECs  BEIMYMHBI  IIOJIAIOTCS  ITOCTOSIHHBIMH,
3aBUCUMOCTH, MaJIO OTIMYAOLIUECS OT JINHEWHBIX, CYUTAOTCS JIMHEHHbIMU. Kakne-To
BEJIMUMHBI, B CUJIY UX MAJIOCTH 110 CPABHEHUIO C APYTUMHU, OOHYJISIOTCA.

4. BeiOupaercst (usnueckuil (OMOIOTMYECKUN, COLMAIBHBIA U T.J.) 3aKOH, C
(>kenaTeabHO) TOUHOM MaTeMaTH4ecKou (pOopMyIHpPOBKOM, BapUAIMOHHBIA PUHIIMII,
aHaJOrusl U T. M., KOTOPOMY HOMUUHSETCS 00BbeKT. OT BHIOOpPAa COOTBETCTBYIOLIETO
3aKOHa 3aBUCUT YPOBEHb aJE€KBAaTHOCTH MOJENM: Hampumep, 3amMeHa B
MaTeMaTUYeCKOM MOJEIM 3aKOHA COXPAHEHHS MEXAHHMYECKOM HPHEpPruyM Ha 3aKOH
COXpaHEHUs KOJIMYECTBA JIBHIKEHHSI MOXKET aTh 00Jiee TOUHBIE pe3yIbTaThl (cM. 1. 4.1
u 1. 10.1 sroro mocobusi). BeiOpaHHbIe 3aKOHBI U 3aBUCUMOCTH B HENpepblGHbIX
MoOOensax  3alUChIBAIOTCS B BUAE  (DYHKIIMOHANBHBIX,  OOBIKHOBEHHBIX
muddepeHnnanbHbIX, WHTETPaIbHBIX, OOBIKHOBEHHBIX (byHKIIMOHATBHO-
muddepeHnuanbHbIX, HHTETPAIbHO-TU((PEpEeHIINATBHBIX YPAaBHEHHM W CHCTEM
YPaBHEHUH, ypaBHEHUH M CHUCTEM B YACTHBIX IPOU3BOIAHBIX M BCEBO3MOXKHBIX
KOMOMHAITUH TaKUX YPaBHCHHUH T.JI.

5. 3aBepmaer (GopMyIHPOBKY MOJEIH €€ «OCHAUIeHHE», T.€. HEKOTOpbIe
JOTIOJTHUTENbHBIE yclloBUd. Hanpumep, HeoOXoquMo 3a7aTh CBEACHUS O HaYaJlbHOM
COCTOSTHUM 00BEKTa (HampuMep, CKOPOCTh PAKEThl U €€ Maccy B MOMEHT t = () win
UHBIE €ro XapaKTEpPUCTUKH, O€3 3HaHUS KOTOPHIX HEBO3MOXHO OOHO3HAYHO
onpenenuTh mnoBeAeHue oObekTa. OHM UMET (OpMy HayaldbHBIX, T'PAHUYHBIX,
pacnpenesieHHbIX U T.M. YCJIOBUM JIJIsl HeU3BeCTHhIX GyHKUu. Dopmynupyercs 1eib
UCCJIeIOBAHUS MOJENH (HAaWTU 3aKOH MPEJIOMJICHUS CBETA, MOHATh KOJUYECTBEHHBIE



3aKOHOMEPHOCTH M3MEHEHUs MOMYJISLUHU, ONPEAETUTh TPEOOBAHUS K KOHCTPYKIIMH
paKeThl, 3aITyCKAOIIEH CITyTHUK, U T. [1.).

6. IlocTpoeHHas MoOJENIb H3y4aeTcs BCEMH JIOCTYNHBIMU HCCIEA0BATEIIO
AHAJTUTUYECKUMH, NPUOIMKEHHBIMU U YHUCICHHBIMA METOJAaMH, B TOM YHUCJE CO
B3aMMHOW ITPOBEPKOU Pa3JIMYHBIX MMOAXO0I0B. bOIBIIMHCTBO MOIENEH HE MOATAIOTCS
YUCTO TEOPETUYECKOMY aHaJIu3y, U MO3TOMY HEOOXOAMMO HIMPOKO HCHOJb30BATh
BBIYUCITUTENbHBIE METOJBl. JTO OOCTOSTENHCTBO OCOOEHHO BaXXHO MPU U3YUYECHUU
HEJIMHEHHBIX 00BEKTOB, TaK KaK MX KaUeCTBEHHOE MOBEICHHE 3apaHee, Kak MpaBuilo,
HEW3BECTHO.

7. B pe3ynbTaTe UCCIEIOBAHUS MOJIEIN HE TOJBKO TOCTUTAETCS MOCTABICHHAS
1eJ1b, HO U JIOJKHA OBITh YCTAHOBJIEHA BCEMHU BO3MOXKHBIMU CIIOCOOAaMHU (CpaBHEHUEM
C IPAKTUKOW W HATYPHBIMHU HKCIIEPUMEHTAMHU, MIPOBEACHUEM OOJIBIIOr0 KOJIUYECTBA
BBIYMCIIUTEIBHBIX SKCIEPUMEHTOB, CPABHEHUEM C U3YUYEHHBIMUA YACTHBIMU CITy4YasiMHU,
COMOCTABJIEHUEM C JPYTUMU MOJIX0/IaMH) €€ aJIeKBaTHOCTh — COOTBETCTBUE OOBEKTY
u c(opMyIHpOBaHHBIM TNpenanonoxeHusM. HeanekBaTHas MoJenb MOXET JaTh
pe3yJIbTaT, CKOJb YTOJHO OTJIMYAIOUIMKCS OT UCTUHHOIO, M JOJDKHA OBITH JIMOO
OoTOpoOIIIeHa, JIMOO COOTBETCTBYIOIUM 00pa3oM MOAU(DUIIMPOBaHA.



3. Oco0eHHOCTH HCCIEeI0BAHUA MATEMATHYECKHX MOIe1el

PaccmoTpum BaxkHedmuii 3tanm 6 B MaTeMaTUYECKOM MOJIEITUPOBAHUM —
uccaenopanne MM. B Hacrosimiee BpeMs M BOOOILE CO BTOPOil MOJBUHBI XX BEKa
OOLIENPHUHATO, YTO «3aJadya CUYUTAETCS PEIICHHOM TOJBKO B TOM Clly4ae, KOrna
umeeTcst d(QPEKTUBHBIA METOJ, NAIUN TpeOyeMblil pe3ynbTaT C JOCTATOYHOM
TOYHOCTBIO 32 MPHUEMIIEMBIH OTpe30K BpeMeHm» [1]. OcHOBHOW BomOpasien Mexiy
YUCTOM M NPUKIAJAHOM MATEMATHKOM, MEXIy TEOpHUEeW M MaTeMaTUYECKUM
MOJICJIMPOBAHUEM JIEKUT B XapakTepe NMPUMEHSIEMOW JOTMKH. JIormka IMpUKIagHON
MaTeMaTUKH HMEET HEKOTOpblE€ CTUXHWHHO YCTAHOBUBIIMECS YEPThl — CIOCOOBI
NOKA3aTeNIbCTB, KPUTEPUM JOCTOBEPHOCTH M T. 1, U HE MOXKET OIPAHUYUTHCS
JNEAYKTUBHBIM MeETOJOM. KpuTepuu 4YMCTOM MaTEeMaTHKH HEPEIKO OKa3bIBalOTCS
HEHY>KHBIMH WUJIM BOOOLIE HE padOTaroT.

Paccyxnenusi, HempuemJieMble CTOYKH 3pEHHMsS] UYHUCTOM MaTEeMaTUKH, HO
CIIOCOOHBIE MPU UX PA3yMHOM MPUMEHEHUU MPUBOAUTH K MPABUILHBIM PE3yjbTaTaM,
Ha3bIBAIOTCA  payuonarvhbivu [3]. Ouu (MOA  Ha3BaHHUEM  nPABOONO00OHbLE
paccyscoenst) akTUBHO MCTIONIB3YIOT U B unucTol MaTemaruke [10], Ho He Ha cTamuu
JI0Ka3aTelbCTBa, a B IMpoIlecce TMoucka pemreHus 3aaadd. K panuoHaabHBIM
PACCYXKIIEHUSM  OTHOCSTCA  pPAYUOHANbHbIE  ONpeoeNeHus,  YMEepIHCOeHUs,
ookazamenvcmaea, npuHyunsl. Hanpumep, yTBepKIeHuE:

«Yem monvuwie u cnooucHee M@mO(), mem XxXyaofce OH Mooaicem nosecmu cebs 6 ciuyuae
OCJIOJNCHEHUTL C 06’b€KmOM)),

SABJISIETCSl PAIMOHAJIBHBIM TPUHIIMIIOM. PalmoHaIbHBIMU SIBJISIIOTCS OTIPE/ICIICHMUS,
OTHOCAIMECS K He(OMaJbHBIM OOBEKTaM, HANPUMEP, ONMUMANbHASL CUCTEMA WIH
aghexmusHnas cuctema.

Tunot payuonanbHBIX pACCyIHCOEHU

1. Ucnonvsosanue Gopmynruposox, 6KIOUAIOWUX HEMOYHO ONpeoeleHHble

NOHAMUSL.

2. Ilpumenenue ymeepacoenull, cnpageoiusvblx 60 MHOUX PEeaNbHbIX CHYYAsX,

Xoms u OONYCKAIOWUX UCKYCCMBEHHO NOCMPOEHHble KOHMPNPUMEDDL.

Hepeako 53Tu «peanbHble ciydan» MOXHO (opManu3oBats. Hanpumep,
BAJKHEMIIIEE YTBEP/KICHHUE O PABEHCTBE CMENIAHHBIX YaCTHBIX IPOU3BOAHBIX, KOTOPOE
JEXKUT B OCHOBE MHOTHX TEOPEM M METOJOB MATEMAaTUYECKOIO aHajlv3a |
MIPUJIOKEHUM, TapaHTUPOBAHO HMEET MECTO, TOJIBKO €CIM OTH MPOU3BOIHBIC
HENPEepbIBHbI; MHAYEe €CTh KOHTpIpuMepsl. HenmpeprlBHOCTh (GYHKIIMU U €CTh YacTO
BCTPEYAIOIIMICS «PEAIBHBIN CITydan.

3. Vmounenue 6 xooe uccnedosanus.

B Xoae mpukiIagHOro MCCaeOBaHUS MOXHO W3MEHSATh M YTOYHATH 3a1ady,
BO3HUKIIYIO Ha ocHOBe MM, 1 cobctBeHHO MM.

Hepenko nmpumeHsieTcs B KaYeCTBE «MOJIEIIBHOI0» TOMYILEHUS PEIITOIOKEHUE
0 HEKOTOPBIX CBOWCTBAX WJIM XapakTepe pelieHus, paboyas cunomesa. Hanpumep, 4to
penieHre 001a1aeT HEKOTOPbIMUA CBOMCTBAMHM CUMMETPUU B CHUITy TOTO, YTO TAaKUMHU
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CBOMCTBaMM 00JIaAAIOT MCXOJHBIE JaHHbIE, WIM TaK IOJIY4YaeTcsl NMpU PELICHUU
aHAJIUTUIECKUMH METOJaMu 0oJiee IPOCTHIX aHAIOTUYHBIX 3a/1a4. Paboyeil runoTe3oit
MOXET OBITh TO, YTO B UCCIEAYEMOM IMPOLECCE SBIIAIOTCS NHBAPUAHTAMH HEKOTOPHIE
BEJIMYMHBI, HAIPUMEP, YACTOTA, WIA PEIICHHE MOXHO IPEACTaBUTh B BHUAE psaa
Kakoro-to Bujaa. OpgHako paboyas rUmoTe3a MOKET OKa3aTbCsli HEBEPHOWU JaXXe B
«OYEBUIHBIX» CIIydasiX.

Ilpumep. Tlpu cxaTuu CTEPXKHS O aHTUCUMMETpHuHOU cxeme [3, c. 80]
KPUTUYECKOE COCTOSIHUE, €CTECTBEHHO, TOXKE€ AaHTHCHUMMETpU4YHO. OJHAKO 3TO
HEBEPHO: HA4YMHAs C HEKOTOPOIO MOMEHTAa aHTUCUMMETPUYHOE COCTOSHUE
CTAaHOBUTCSI HEYCTONYMBBIM. DTOT MOMEHT U OKa3bIBAETCS KPUTHUECKUM COCTOSTHUEM
CTEPIKHSI.

4. Paccyscoenus Ha OCHOBE AHANO2ULL U HAMYPHBIX IKCHEPUMEHM 08,

B [10, c. 255] paccmarpuBaeTcs panmoHaibHOE yTBepxkaeHue: «lIpemmonoxenue
OKa3bIBaeTcs 0oJiee MpaBAONOJO0OHBIM, KOT/Ia OKa3bIBAETCSI HCTUHHBIM aHAJOTUYHOE
MPEANOJIOKEHNE». B uncTOll MareMaTnke aHajJoruyd MOTYT TOJBKO CIIOCOOCTBOBATH
OTKPBITHIO, HO HE CIIYKUTh JOKa3aTelIbCTBOM. B MaTeMaTnyeckoM MOJEIMpPOBaHUU
BBICOKasl CTENEHb JOCTOBEPHOCTH MPAKTUYECKH PABHOCHIIbHA IOJHOM, M pa3yMHas
aHaJorusl, MOJKPEIUIEHHAs JPYTMMU pPALMOHAJIBHBIMU COOOpPaXKEHUAMH, MOXKET
CUMTATBCS «JA0KAa3aTeIbCTBOM». B 4YacTHOCTM, YacTo yJaercs paclpOCTPAHUTH
YTBEPKJICHHUS C 33/1a4 MEHbIIEH pa3MEPHOCTH Ha 3a/1a4u OOJIbIIEH pa3MEPHOCTH.

OpHako MpeNCTaBIsieT ONACHOCTh CAeNaTh OUIMOKY MpH 9KCMpanosayuu
3aBHCHUMOCTH, OCOOEHHO NPU NPUOIMKEHUH K KpailHeMy 3HaueHHto. Tak, B 00JbIIOM
KOJIMYECTBE pabOT MO CBApHBIM KOHCTPYKLHUSM, OCHOBAaHHBIX Ha HAaTypHBIX
AKCIIEPUMEHTAX, JENajcsi OUIMOOYHBIA BBIBOJ, YTO IPU YMEHBIIEHUU TOJIIUHBI
IPOCIIOVKHU M3 MEHEE IPOYHOTO MaTepHaia MPOYHOCTh COAEPKALIErO €€ COCIMHEHNUS
CTAaHOBUTCSl PaBHOM MPOYHOCTU 0Opasiia 0e3 MPOCIOWKH, T.€. TOHKAs MPOCIONKa HE
CHIWKET NpoyHOCTH. Omubka MpOMCXOAMIJIAa HM3-3a TOTO, YTO IS HE MaJICHbKUX
TOJILUMH 3aBUCUMOCTb MPOYHOCTH OT TOJILMHBI TPOCIOMKM HMeJa XapakTep
BO3pACTalOLIEH BBIMYKJIOW BHHU3 (YHKUMHU; OJHAKO C YMEHBLIEHUEM TOJILIUHBI
XapakTep 3TOH 3aBUCUMOCTH MEHSUICS, HO SKCIIEPUMEHTAJIBbHO 3TO OBUIO TPYAHO
YCTaHOBHUTH [5].

5. «/[oxazamenbcmeoy, OCHOBAHHOE HA PACCMOMPEHUU YACMHBIX CYYAES.
Hpyrumu cioBamH, uHOyKyusi — TEpPeXoJ OT YacTHOro Kk obmemy. Yacto
BCTPEYAIOLIMIICA Clly4all — MHTEPIOISALNUS 3aBUCUMOCTH y3JOBBIX TOYEK Ha
OpOMEXYTKH Mexay Humu. Ha 3Ty Temy wumeercs oOmuMpHas auTeparypa.
IIpuMeHSrOTCS METOABl MHTEPHOJSALMU Pa3JIUYHBIMM IOJMHOMAaMH, CIUIAHAMM,
OpUOIMKEHUSI METOJIOM HAUMEHbBIIINX KBAaJPaTOB U METOJOM HaUMEHBIINX MOAYJIEH,
U T.I.

Ecnn 3amaga comepKUT mapameTpbl, TO MOYKHO HCCIENOBAaTh €€ NpPH HX
KOHKPETHBIX 3HAUCHUSIX.

Hanpumep, nam xouetrcss yOenuUTbCs, UTO Mbl MPABUIBHO NMOMHUM (opmyiy
I'epona:

s, =/p(p-a)(p—b)(p—c), p:a%b*c. (3.1)
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PaCCMOTpI/IM HECKOJIBKO YaCTHBIX CJIy4YacB.

e BripoxxneHHbIN TPEYTrOJIbHUK, y KOTOpOIo a+b=c. Torna
p—Cc= a+b—(a+b) =0, nosromy S, =0, kak u KOKHO OBITH.
§ 3a 3aaaa +3a
e IlpaBuibHbI TpeyromsHuk. Torma P=—, S A= ——,

2222 4

YTO COBIAJAET C U3BECTHOM (HOPMYIIOi.

e [IpsMOYTronbHBIN TPEYTONBHUK, Y KOTOPOTO a’ +b® =c*. Torma

a+b+c a+b—-c a-b+c —-a+b+c

SA: —
2 2 2 2

_ [(a+b)'~¢’ ¢ ~(a+b)’ J2ab-2ab _ab
4 4 4 2

OmsTh MONTyYeH BEPHBIN pe3ynbTar. Teneps yke HeT COMHEHUI B BepHocTH (3.1).
6. HUcnonvzosanue pe3ynbmamos NpubIUNCEHHO20 peuleHuss npu Omcymcmeuu
CMpo20 OOKA3AHHOU OUUOKU 8bIYUCTEHUL.
OTtcyTcTBUE AENYKTUBHO MOJIYYEHHOW OIIEHKM OLIMOKM BBIUYMCICHHH OOBIYHO HE
BbI3bIBaeT OecrokoicTBa. KOHTPOIb TOUHOCTH MOXKHO MPOBECTH HA PALlMOHAIBHOM
YPOBHE C IMOMOIIBI0O MU3MEHEHHUs] MapaMeTpoB MeToja (Hampumep, mara B METOJE
CETOK) WJIM U3MEHEHUs camoro Metona (B Meroze Pynre — KyTTbl n3MeHUTh MOPSAI0K).
MOHO BBIIIOJIHUTB PACUYET KOHTPOJBHOTO MPUMEPA C U3BECTHBIM PEIICHUEM.
7. Ilpumenenue 8bIuUCTUMENLHBIX MEMOOO08, CXOOUMOCMb KOMOPLIX CIMPO20 He
odokazaua.
[Ipu uccnenoBaHuu CIOXKHBIX CUCTEM (HalpuMep, B TUIPO- U Fa30AMHAMUKE) 3TO —
oObI4HOE siBJIcHUE. BbbIBaeT, ynaercs 10Ka3aTh CXOAUMOCTbh METOa, HO TEOPETUUYECKU
HOJyuYeHHasi CXOJMMOCTb HE UMEET HUYero oO1ero ¢ peaibHocThio. Hanpumep, nmis
JOCTUKEHHSI HY>KHOM TOYHOCTH 10 TEOPUH TpeOyeTcsl OKOJIO ThICSIYM UTepaluil, a B
peanbHOCTH XBaTaeT Tpex-ueThlpex. C pa3BUTHEM BBIYHCIUTENBHOW TEXHUKH BaXKHEE
CTAaHOBUTCS CKOPOCTh CXOIAMMOCTH: €CJIM TOCJ€ JJIMTEIbHOW paboThl MOIIHOIO
KOMIIBIOTEPA PE3YJIbTAT HE IOJYYEH, TO CIEAYET CUMTATh METOJ HE CXOIAIIUMCS, U
VCKaTh JIPYyTrOM.
8. Ucnonvzosanue pewienus 3a0ayu, Ko20a He OOKA3AHbL MeopeMbl O
CYuecmeo8anuu U Koau4ecmee peueHull.
D10 OBIBaeT CIUIOUIb U PSAOM MPU PELIEHUU CIOKHBIX YpaBHEHHU u cuctem. Eciu
METOJI «XOpouio ceOsi BeAeT» Ha MOJENbHBIX 0oJiee MPOCTHIX 3aJadax, TO €CThb
HaJEXJ1a, 4YTO OH padoTaeT npaBuiibHO. KOHEUHO, ecliu BBIUMCICHUS UAYT CIUIIKOM
JOJITO, TO 3TO MOAO3PUTENBHO. [IpoBEpHUTH, YTO METOX COILIENCS K MPABUIBHOMY
PELIEHNIO0, MOKHO, HallpUMEP, U3MEHHUB NTapaMeTPbl METOIA.
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4. dyHaaMeHTAJIbHbIE 3AKOHbI IPUPOAbI KAK CPEICTBO
MOCTPOCHUS MATEMATHYECCKUX MOJIeJiel

OnuH u3 HanboJee pacIpPOCTPAHEHHBIX METOI0B IIOCTPOEHUS MOJIENIEH COCTOUT
B IPUMEHEHUHU (PYHIaMEHTAIbHBIX 3aKOHOB MPHUPOJBI K KOHKPETHOW CUTyalluu. DTU
3aKOHBI OOILIENPU3HAHBI, MHOTOKPATHO MOJITBEPXACHBI ONBITOM, CIY’KAaT OCHOBOM
MHOKECTBA HAYYHO-TEXHUYECKUX JOCTHKEHUN M MOTYT, B 3HAYUTEIBHOM CTEIICHU,
OBITh FapaHTUEN coomeemcmeusi 00beKma u e2o Mooenu, a TO OAUH U3 LIEHTPAIbHbIX
BOIIPOCOB B MATEMATUYECKOM MOJICIIMPOBAHUH.

4.1. 3akoH cOXpaHeHMS IHEPTrHU. JKCINEPUMEHTAIbHOE BHIYHUCICHUE
CKOPOCTH IYJIN

PaccMoTpum 3akon coxpanenusn snepeuu. ITOT 3aKOH U3BECTEH MOUTH JBECTH
JeT W 3aHMMaeT, IMOoXadyd, Hauboyiee IMOYETHOE MECTO CpPeIu BEIUMKHX 3aKOHOB
pUpo/ibl. B U30JIMPOBAHHOM CHCTEMe IHEPIrUs MOKET TOJbKO MPEeBPAINATHLC U3
OHOM (pOPMBI B IPYI'YI0, HO €€ KOJIMYECTBO OCTACTCSH MOCTOSIHHBIM.

Ero yactHeIil ciiyyail: 3aKOH COXPAHEHUA MEXAHUYECKOU IHeP2UU, — VIMECT
153701 6

MoJIHAsI MEXaHUYIECCKad JHEPIUus
2

W =W, +W, :%+mgh

B M30,IMPOBAaHHOI cucTeme He MensieTcst: W = const .

PaccmoTpum B KauecTBE mpuMepa dKCIIEPUMEHTAIBHOE BBIYMCIEHNE CKOPOCTH
mynu. [lonarasice Ha 3aKOH COXPaHEHHSI SHEPTUH, SKCIEPT M0 OATUIUCTUKE, HKETAFOIIHMA
OBICTPO ONpPEAEIUTh CKOPOCTh PEBOJBBEPHON MyJUM M HE MMEIOLUN MOOJIU30CTH
CHEelHaIbHOM J1TabopaTopuH, MOXKET BOCIOJIb30BAaThCS OTHOCUTENIBHO MPOCTHIM
YCTPOMCTBOM THIIA MAasTHUKA — Ipy3a, MOJABEIICHHOTO Ha JIETKOM >XECTKOM U
cB0OOAHO Bpamatoniemcst crepxkue. [lyns, 3acTpsBiias B rpy3e, COOOIIUT CHUCTEME
«IyJsl — TPy3» CBOIO KHHETHYECKYIO SHEPruio, KOTOpas B MOMEHT HamOOJbIIETO
OTKJIOHEHUsI CTEP)KHSA OT BEPTHUKAIU IIOJHOCTBIO NEPEHIET B NOTCHUMUAIBHYIO
DHEPrUI0 CHUCTEMBI, T.K. B BEPXHEH TOUYKE TPACKTOPUU CHUCTEMA «IIyJsl — TPy3»
HEMOABMXHA. DTU TpaHCPOpMaLlMK OMUCHIBAIOTCS LEMOYKON paBEHCTB

mv2 2

T =(M+m)*=(M+m)gl (L-cosa) @)

2 .
3nece MV /2 — xunernueckas sHeprus myiu Maccsl M, umeromeit ckopocts V, M
—Mmacca rpy3a, V. — CKOpOCTb CUCTEMBI ITyJIsS — TPy3» Cpa3y MOCIIE CTOIKHOBEHHS,

— YCKOpeHue CBOOOTHOTO maneHus, | — nmuHa CTepKHA, (! — Yrojl HauOOJBIIETO
OTKJIOHEHHUS cTepkHs. Mckomasi ckopocTh ompenensieTcss GopMysion, KoTopas Oyner
BIIOJIHE TOYHOM, €CJIM HE YYUTHIBAEMbIE HAMHU MOTEPU SHEPTHU HA PaA30rPEB IyJIU U
rpy3a, Ha IPEOJI0JIECHUE COTPOTUBIICHUS BO3yXa, PA3rOH CTEPKHS U T. 1. HEBEIUKH.
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2(M +m)gl(1-cosa)
V= (4.2)
m

B nelicTBUTENBHOCTH TOJIyYarOUIUICS pe3ysibTaT He BHOJHE ToueH. [Ipoiecchl,
NPOUCXONAIINE TPU «CIUMAHUW» TMyJId W MasITHHKA, HE SBJISIOTCS YHUCTO
MexaHn4YeckuMu. YacTh MEXaHWYECKON SHEPrUuM NMEPEXOAUT B TEIUIOBYyI0. [loaTomy
NPUMEHEHHBIN JIJIs BBIYMCICHUS BEJUYUHBEI V 3aKOH COXPaHEHHs MEXaHM4YeCKOM
SHEPIrUU HECNIPABEJIMB: COXPAHSAETCA MOJIHAS, a4 HE MEXaHUYECKAasl SHEPT Ul CUCTEMBI.
OH paeT MuuIb HUXMCHIONW 2panuyy IS OLEHKU CKOpPOCTU mysd. JIisl yTOYHEHHs
pelIeHus 3TOM 3a/Ja4d HaJ0 BOCIOJIb30BATHCS 3AKOHOM COXPAHEHUs UMNYAbCa (CM.
pasmen 10.1. HekoppekTHbple MaTeMaTHYECKUE MOMACIN. OKCICPUMEHTAILHOE
BBIUMCIICHUE CKOPOCTH ITYJIH).
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4.2. 3axkoH coxpaHeHMsi Macchl. Pacnaa painoakTHBHOIO BellleCTBA

Hapsigy ¢ obmumvu, ocHoBy MM 49acTo COCTaBISIOT CHEUaIbHBIE 3aKOHBI,
OTHOCSIIHNECS K JAHHOMY SIBIICHHIO.

PaccMoTpum 3akon coxpamenus maccel. IMEHHO HCIOIB30BAHHEM 3aKOHA
COXpaHEHMsI MACChl PYKOBOACTBYETCSI IIKOJIbHUK, PEIIAIOIINM 3a/1ady O 3aroJIHCHUU
OacceiiHa BOJIOM, BTEKalOIIeH W  BBITCKAIOIIEH Yepe3 HECKOJbKO Tpyo.
MaremaTH4ecKoil MOJEIbI0 CIY)XUT alredOpandeckoe ypaBHEHHE, B KOTOPOM
IMPUPABHEHO KOJIMYECTBO BOJBI, BTEKawIlel B 0acceilH, KOJWYECTBY BOJIBI,
BBITEKAloOIIeH u3 OacceliHa, 3a eJMHUIY BpEMEHH.

Ilpumep 1. Yepes nepByto TpyOy OacceiiH HanoHsieTes 3a 1 yac, yepes BTOpyIo
—3a 4 yaca, yepes 3-10 BoJa BBITEKAET U3 OacceiiHa 3a 2 yaca. 3a Kakoe BpeMsl BBITEUET
BCA BoJa M3 OacceifHa OTHENBbHO Yepe3 YeTBEepTylo TpyOy, €ciii ypOBEHb BOBI B
OacceliHe 0CTaeTCsl MOCTOSTHHBIM?

Pewenue. Tlpumem o0wvem Oacceiina 3a 1. Ilycts U -uckomas BeawuuHa. 3a
eIMHMIYY BpeMeHH B OacceiiH BTekaer 1/1+1/4, a eitekaer 1/2+1/t. IlpupaBHuBas

ATHU BEJIUYUHBI (3aKOH COXPAHEeHUs MACChl), TIOIyIUM YPaBHEHUE

1/1+2/4 = 1/2+1/t

(mamemamuueckas mooens). Pemas ero, naxoaum: = 4/ 3 yaca.

Ilpumep 2. PaccMoTpuM OoJiee CIIOXKHYIO 3aJayy, CBSI3aHHYIO C pacmajoM
paguoakTUBHOrO BemecTtBa. IlycThb N(t) — KOJIMYECTBO aTOMOB JaHHOTO
PaJMOAKTHBHOTO Tela B MOMEHT BpeMeHH L. DTO KOIMYECTBO IIOCTOSHHO

YMEHBIIAETCS B TeJ€, HO aTOMbl HE NPONANAIOT (3aKOH COXpAHEeHusi Maccol), a
pacraiaroTcs, ¥ MPOAYKThI paciajia MOKUAaI0T TPaHuULIbl Tea.

3aKoH pacnada paouoaKmueHo20 eeuiecmed.

CKOPOCTh pacnajaa (4ucji0o aTOMOB, pacnagaluuxcs B eJIUHUILY BPeMeHH)
NPONOPUHMOHAIBHO 001IEMY YHCJIY ATOMOB PAIHOAKTHBHOI0 BellleCTBA.

B coOTBETCTBUM C 3TUM 3aKOHOM, KOJIMYECTBO PACMHABIIETOCS PAAUOAKTUBHOTO

BeriecTBa (yMeHbiieHus N (t)) 3a npomexyTok Bpemenu Ot pasmo d N (t) B cuny
MIPUBEICHHOTO 3aKOHA

5 =—aN(t). (4.3)

3neck a >0 — ko>pumment pacnana. B navanbubiiit Moment t =0 nycts N =N,

dN (t)
t

910 YCJIO0BHUC BMCCTC C YPABHCHHCM SABJIACTCA MaTEeMaTHYECKOM MOACJIBIO paciiaaa
PaaArnOaKTHBHOI'O BCIICCTBA. Pemas YPAaBHCHUC, ITOJIYIUM:

N 1)

N(t)

Honcrasnsas cioga t =0 u monw3ysick HauambHeiM ycrnoBuemM N =N, momyumm

=—adt, In|N(t)|=—at+C, N(t)=Ce ™.

C, =N, u oxonuarensHo,
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_ —at
ycts 1y, t, >0 — Bpems, 3a koTopoe pacnagaercs MONOBHHA BelIECTBA («IIEPHOJ
nosypacmazay). Toraa u3 nocneaneit GopmyJibl ClaeayeT, 94To

No/2=N(to)=N0e‘“t°,
OTKyla a:|n2/t0 u N(t)=N02_t/t°.

Ilpumep 3 (mposiomxkeHue mpumepa 2)

[Tycth, Hampumep, wuMeeTCs HEOONBIIOE KOJUYSCTBO PATUOAKTHBHOTO
BemectBa | (ypaHa), OKpYyXEHHOTO TOJICTBIM CIIOEM «OObdHOTO» MaTepuana |l
(cBWHIIA), — CUTYyaIUsl TUITMYHAS JTUOO TIPU XPAHCHUH JEISIIUXCS MaTEPHATIOB, THOO
MIPU WX WCIIOJIB30BAaHUU B dHepreTuke. 1o c10BoM «HEOOIBIION TOpa3yMeBaeTCs
yhopolamomiee 00CTOSITeNbCTBO, a WMEHHO TO, YTO BCE MNPOAYKTHI pacraja, He
UCIIBITBIBAsI CTOJIKHOBEHUH ¢ aToMamH BemlecTBa |, GecnpensTCTBEHHO MOKHUIAIOT

o6xacts 1. JIpyrumu ciioBaMu, JUIMHA CBOOOAHOTO Ipobera mpoaykToB pacnaza |, B

IICPBOM BEILECTBE 3HAYMTENBHO OOJIBIIEC XapaKTEPHBIX Pa3MEPOB CaMOIo MaTepHuasa
L, te. ;> L . CnoBa «ToNCTBIN CII0i» O3HAYAIOT, YTO B COIVIACHH C LEISIMH

XpaHEHHs] TPOAYKTHI JEJIEHUs IOJHOCThIO TmorjomarTcs B obxactu II. Oto
rapaHTHPYeTCs [PH BBIIOJHEHHH MPOTHBOIONOXHOro ycnosust |, < L,, rme |,—
JUTHHA TIpo0era MPOAYKTOB pacaja BO BTOPOM Bemectse, L, — ero xapakrepHsiit
pasmep. Urak,

L >L, |, <L,. (4.4)

Bce, uro BeuneTaeT u3 obnactu I, mornmomaercsa B obnactu 1, u cymmapnas macca
oboux eewjecms co epemeHem He MeHsaemcs. ITO U €CThb 3aKOH COXPAHEHUsl MACCbl,
NPUMEHEHHBIN K TaHHOU cuTyanuu. Eciii B HayallbHbIA MOMEHT BpemeHu t = 0 Macchl
BEILIECTB ObLIIN PaBHBI ml(O) um, (0) , TO B JTIOOOM MOMEHT BPEMEHU CIIPaBEIJINBO:

m, (t)+m, (t)=const =m,(0)+m,(0). (4.5)

Cucmema (4.3) — (4.5) siensemces mamemamuueckol Mooenvio OaHHO20 NPoYeccd.
3ametuM, uto mpu t —> oo

m,(t)—>0, m,(t)—>m,(0)+m,(0).

JlecTBUTENBHO,
m, (t)=m, (0)+m,(0)—m,(t)=m,(0)(1-e*)+m,(0).

3ameTuM, YTO B pe3yJbTaTe CTOJKHOBEHHH ypaHa co CBUHUOM B 30He |l
BBIJICIIAETCA HEKOTOPOM KOJMYECTBO JHEPIMH, T.€. KaKasg-TO Macca IEPEXOIUT B
sHepruto. Ho BennumHa 3TOro KOJaMuecTBa SHEPTUM HUYTOKHO Majia B CUITY (POpMYJIbI

. . 2
OiHmTeitna E =MC, mosToMy 3TUM OOCTOSITENTLCTBOM B JIAHHOM CIIy4ae MOXHO

npeHeopeyb.
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4.3. 3akoH coxpaHeHMs KOJUYECTBA IBUKEHUS.

HpI/IHIII/IH PCAKTUBHOI'O IBUKCHUSA

OnuH 13 HanboJee pacpOCTPAHEHHBIX METO0B MMOCTPOCHHSI MATEMATUHYECKUX
MojieJIel COCTOUT B IPUMEHEHUHU (PYHIAMEHTAIbHBIX 3aKOHOB IMPUPOIbI K KOHKPETHOU
CUTyallMi. OTH 3aKOHbI OOLIENPHU3HAHBI, MHOTOKPATHO MOATBEPKIEHBI OIBITOM,
CIIy’KaT OCHOBOM MHOKECTBA HAYYHO-TEXHUYECKUX TOCTHKEHUN U MOTYT, B KAKOK-TO
CTENEHU, ObITh TapaHTHEW COOTBETCTBUS OOBEKTa U €ro MOJEIH, a 3TO OJUH U3
LEHTPAJbHBIX BOIPOCOB B MATEMATHYECKOM MOJEIUPOBAHUMU.

3aKkon coxpaneHus umnyibca:

NOJIHBI MMIIYJIbC CHCTEMBbI (T.e. BEKTOPHAsi CyMMa HMMIIYJbCOB BcCeX
TO4Y€K), He HCIBITHIBAKOLIECH AeHCTBUSA BHEIIHUX CHJI, COXPAHSETCS.

YuutsiBas émopoit 3akon Hotomona:

UMILYJIbC CWIbI, JIeHCTBYWIIEeH HAa MATEepHAJIbHYK) TOYKY, paBeH eé

KOJIUYECTBY JIBUKCHHUSA.
t

J- F(r)dz=m(t)v(t),
ty
3aKOH COXPaHCHUA HMIIYJIbCAa MOJKHO 3allMCaThb KaK 3aKOH COXPAaHCHHA KOJIHYCCTBA

ABUXKCHUA.
D> m;(t)v;(t)=const.
i=1

[TpyHIMIT pPEaKTUBHOTO JBUKEHMS, OCHOBAHHBbIM Ha 3aKOHE COXPAaHEHHUS
UMITYJIbCa, TMOJIOKEH B OCHOBY MHOIMX 3aMEUaTelIbHbIX TEXHUYECKHX YCTPOUCTB,
HanpuMep, pakeTsl. [Ipocreiimias MaremaTHuecKass MOJETb JBUKEHHUS PaKeThl
MOJTy4aeTCsl U3 3aKOHA COXPAaHEHUsS MMITYJIbCa B MPEHEOPEKEHUH CONMPOTUBICHUEM
BO3/lyXa, TpaBUTALMCN M JPYTUMHU CHJIAMU, MCKJIIOYasi, KOHEUHO, TATY PEaKTUBHBIX
JIBUTATEIICH.

[TycTh mpOAYKTHI CrOpaHusi paKEeTHOTO TOIUIMBA MOKUAAIOT PACIOJIOKEHHBIC B
KOPMOBO#M YacCTH BBIXJIOMHBIE COIJIa CO CKOpOocThio U (s COBpeMEHHBIX TOIUIMB
BEJIMYMHA U paBHa 3...5 KM/c). 3a MaJIbIii IPOMEKYTOK BpeMeHH dt Mex 1y MOMEHTaMHU
t u t + dt yacTe TorIMBa BRIrOpEIIa, U 00IAs Macca pakeThl (COOCTBEHHO paKeTa ILTIoC
TornBo) M u3menmnack Ha Benmuunny dm. M3MeHuncs (yBEIMYHIICS) TAK)KE UMITYJTBC
pakeThl, OTHAKO CyMMAapHBIM UMITYJIbC CHCTEMBI «paKeTa TUTIOC MPOTYKThI CTOPAHUS
OCTaJICsl TEM e, YTO U B MOMEHT t, T.e.

m(t)v(t)=m(t+dt)v(t+dt)—dm(v(t)—u),
rie V(t) — ckopocTh pakeThl (CKOPOCTH OepyTCst OTHOCHTENIBHO 3emitn). [1epBblit uieH

B MPaBOil YacTH ATOr0 PABEHCTBA — UMIIYJIbC pakeThl B MOMeHT t + dt, BTopoii —
UMITYJIbC, TIEPEIaHHbIN NCTEKAIOMIMM Ta30M 3a BpeMs dt. Orcrona

d(mv)=dm-(v—u), vdm+mdv=vdm-udm, mdv=—udm.

Huddepeniupys 06e yacTu MociaeIHero paBeHcTBa 1o t, moay4um
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dv dm
m—=-u—-.
dt dt

31ech npaBasi 4aCTh — CUJIA TATH PAKETHBIX JBUTATEIICH.
[IpeoOpazyeM ypaBHEHHE K BUY

dv d (In m)
dt dt
U, THTETPUPYSI, IOy YUM.
v(t)=uln | (4.6)

m(t)
[TycTh B HEKOTOPBIM MOMEHT BPEMEHU CKOPOCTh PAaKeThl paBHA V|, , a MMOJIHAs Macca
paxetsl M, . [ToacTasissg 3T 3HaYeHus B popmydy (4.6), momyuum:
V, =uln| —
m,

Beruuras uz popmyisl (1) nocnentioo Gopmyity, IpuxoauM K hopmylie:

m
v(t)=v,+uln| —2 |.
m(t)
ITycte M, m M, — cCOOTBETCTBEHHO NOJ€3Has Macca (BbIBOAMMAs Ha OpOUTY) U

CTPYKTypHast Macca (COOCTBEHHO pakera). Torma B MOMEHT ', KOT/Ia BBITOpaeT BCE
TOILTUBO, U paKeTa JIOCTUTaeT CBOEH MaKCUMalbHOW CKOPOCTH, TOCIeaHss (hopMyia
nprooOperaeT Bua (hopMmyita [{nomkoBckoro):

N m
v(t ):vo+uln —
m, +m,
IIycte

[IpakTH4eCKH peasibHbIE 3HAUEHUSA:

A=0,1;u=3km/c.

Jasxe npu otcyrerBun rpysa (M, = 0) npu HauanbHO# ckopocTu Vy =0 moxydaem:
. 1
v(t ) —u In(—j —=3In10 ~ 6,908km/ c,
A

T.€. TIepBasi KOCMHUYECKasi CKOPOcTh 7,8 KM/C mpu Takux mapaMeTpax HEeAOCTHKUMA.

OnmHoll M3 aKTyalbHBIX 3a7a4 COBPEMEHHOM KOCMOHABTUKHU SIBIISETCS
JOCTH)KEHUE TIEPBOM KOCMHUYECKOW CKOPOCTH OJHOCTYIIEHUAaTOM pakerou. B
COOTBETCTBUH C TPHUBEACHHBIMH (HOpMyJaMU MaKCUMaJbHAs CKOPOCTh PaKEThI
JIUHEUHO 3a8ucum OT CKOPOCTH UCTEKaHUS U3 COIUIA MPOAYKTOB CrOPaHUs PAKETHOIO
tormBa. CienoBaTenbHO, €CTh ABA My TH:

18



1) coBeplIeHCTBOBaHUE PAKETHOI'O TOILIMBA;

2) COBEPLICHCTBOBAHME KOHCTPYKIIMH COILJIA M KAMEPBI CTOPAHUS.
B HacTosAmumii MOMEHT NpeiararoTcsi Kak NepCreKTUBHbBIE BAPUAHTHI:

1) B KauecTBe TOIUIMBA KUCIOPOJHO-BOJOPOIHAS CMECH (KUCIOPOA U BOJOPO.
HaxoJATCA B PAKETE B )KUIKOM COCTOSIHUM U BIPBICKUBAIOTCSA B KAMEPY CTOPAHMS, [E
B pe3yJIbTaTe B3pbIBAa BEICBOOOXKIAETCS OO0JIBIIOE KOJTHMUECTBO SHEPTHUN);

2) KOHCTPYKIMS COILIa HE C KPYTOBBIM, @ C KOJIBIIEBBIM CEYEHUEM, IIPU KOTOPOM

MOJKHO 3@ CUET YMEHBIICHMS IUIOIIAAN CEUEHHUS COIUIa YBEJIUYHUTh CKOPOCTh
UCTEKaHUs U3 HETO MPOJTYKTOB CTOPAHUS.
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4.4, 3axkonsl HbroTona u I'yka.
JIBH:KeHMeE IIAPpUKA, MPUCOETUHEHHOT0 K MPYKUHE

[IponemMoHCTpUpPYEM ATOT MOAXOJ HAa NPUMEPE MOJEIN JABWKEHHS IIApHUKa,
IIPUCOCAMHEHHOIO K MPYXXUHE, C JKECTKO 3aKpEIUICHHBIM KOHIOM. Ilycte I —
KOOpAWHATa 1IapUKa BJIOJIb OCHU IIPYKUHBI, JIEXKAIICH HA TOPU3OHTAIIBHOM IUNIOCKOCTH,
Y HallpaBJICHUE JBWKECHUA LIapUKa COBIIAJAET C €€ OChlo. Toraa, o BTOpoMy 3aKOHY

Herotona,

2r

F:mazmd—z, (4.7)
dt

rage M — macca MIApHKa, & — €ro ycKopeHue. s moiydeHuss MareMaTH4eCKOU
MOJIETI! JIBIDKEHHUSI IIapuKa — OOBIKHOBEHHOTO AH(PPEpEeHLINaTbHOTO ypaBHEHUS
(BMGCTe C Ha4dYaJbHBIMH yCJIOBI/IHMI/I) BBCIACM «MOJICIIBHBIC» HOOIIYHICHUA U
yIpouaromue yCIOBHUA. By,Z[GM CUUTATh INJIIOCKOCTH U€AJIBbHO FJIa,Z[KOﬁ (T.e. ABUKCHUC
IIPOUCXOUT O€3 TPEHHS ), MPEeHEeOpeKeM Tak)Ke COMPOTHUBICHUEM BO3yXa U IIPUMEM
BO BHHMAHHC TO, YTO BCC IINapHKa YPAaBHOBCIHINBACTCA peaKHHeﬁ IINIOCKOCTH.
EI[I/IHCTBGHHa}I cujia, IIeI?'ICTBYIOmaSI Ha IMapuK B HAIIPABJICHHUH OCHU I, OUEBUJHO, CHUJIa
yIOPYTOCTHU MPYKUHBL. ONpenesuM ee, UCIOJIb3Ys

3axon I'yka, cnacsawuii, umo
JJISL PACTSKEHUS (CKAaTHA) MPYKUHBI HE00X0AMMO MPUII0KUTH CHILY
F=—kr, (4.8)

rae kodpdunuent k> 0 xapakTepusyer ynpyrue cBOWCTBa MPY:KMHBI, a I —
BCJMYMHY €€ PACTSKeHH MJIH CKATHS OTHOCHUTEJIbHO HEHTPAJIbHOIO,
HEHATPYKeHHOro nmoJsoxkenus = 0.

Ha ocnoBanuu (4.7) u (4.8) ypaBHeHHE ABWXCHUS IIApUKa MPUHUMAET BH]
(YpaBHEHHE JIEMEHTAPHOTO OCLMILISATOPA)

dt?

Kpome Toro, MeroT MeCTO ypaBHEHHUSI HAUAJIbHOTO COCTOSIHUSI OOBEKTA, T. €. YCIIOBHUS:

—kr, k>0. (4.9)

r|t=0 =Ilhun V|t=0 =V (4.10)

31ech V(t) — CKOPOCTh IIapHKa.

Huddepennuansruoe ypaBuenue (4.9) smecte ¢ ycnoBusimu (4.10) cocraBnser
MaTeMaTUYECKYI0 MOJIEb IBI)KCHHS IIapHKa, MPUCOSTUHEHHOTO K TIPYKUHE.

Crnenyrommii dTanm — UCCJIEIOBAaHUE MAaTEMaTUYECKOW MOJIETU W TOIy4YeHUE
3aK0Ha (YHKIIMOHUPOBAHHS OOBEKTAa B 3aBUCHMOCTH OT HMMEIOIIMXCS MapaMeTPOB.
VYpaBuenue (3) omuchIBaCT TapMOHWYECKHE KOJICOAHUWsS IIapuka W HMMeeT ofIee
pelieHne
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r = Asin wt + Bcoswt, (4.11)

rae @ = k/ M — coOcTBeHHasd YacToTa KOJIEOaHU CUCTEMBI «IIPYKUHA — HIAPHKY.

OHO HaxomUTCS CTAaHAAPTHBIMU METOJAAMU PELICHHUS JHUHEHHBIX OOBIKHOBEHHBIX
g depeHInaIbHbIX YPaBHEHUN C MOCTOSAHHBIME KO3 duiinenTamMu. 3HaueHus A u
B nerko ompenenstores u3 yenosuit (4.10). [eiictBurensro, nuddepenuupys (4.11),
MOJTyYUM:

r=v=Awcoswt—BwSsinwt. (4.12)
IMoxncrasus t =0 B ypasuenus (4.11) u (4.12) u ucnonssoas (4.10), momyuum:
B=r, Aw=V.
OxoOHYaTEIbHO, YPAaBHCHUE JIBUKCHUS UMEET BUJI:
r= Vgosin ot+r,cosmt, w=.k/m,.

OueBuaHo, r (t) =0 npu I, =V, =0. Do ciexyer u U3 NOIYYCHHOTO ypaBHCHHUSL.

21



5. BapuanuoHHble NPUHIHUIIBI B IOCTPOEHUH MaTEeMATHYECKHUX
Mojiesen

OnMH 13 O0IIKX MOAX0/I0B K MOCTPOEHHUIO MOJENIEH COCTOUT B IPUMEHEHHUHU TaK
Ha3bIBa€MbIX BApUALMOHHBIX NpuHUUNOB. K HUM oTHOcATCs mnpuHuun Pepma,
OPUHLIMIT HaUMEHbIIero feicTBus (mpuHuun ["amunpTona) u ap. OHU NPENCTaBISAIOT
co00i1 BecbMa 001111€e YTBEPKIEHUS O pacCMaTPpUBAEMOM O0OBEKTE (CUCTEME, IBJICHUH,
IPOLECCE) U INIACAT, YTO U3 BCEX BO3MOXKHBIX BAPUAHTOB €TI0 MOBEACHUS (ABUKECHHUS,
SBOJIIOLIMK) BBIOMpAIOTCS JIMIIb TE, KOTOPBIE YIOBJIETBOPSIOT YCJIOBHIO, KOIJa
HEKOTOpasl CBsI3aHHAs ¢ OOBEKTOM BEJIMYHMHA JOCTUIAaeT SKCTPEMAIBHOTO 3HaUYeHUs. B
3TOM CJIy4a€ MATeMAaTHYEeCKOW MOJENbI0 SBJSIOTCS ypaBHEHUS U JIpyTHE
COOTHOIIEHHS], IOJYYEHHbIE HA OCHOBE AKCTPEMATBHOIO MPUHLIHIIA.

5.1. Ilpunuun npesomienus csera ®epma. Tpaekropus jyuya cBera

Ipunuyun @epma:.

JIy4 CBeTa IBUKETCH 110 TPAEeKTOPHUH, o0ecneunBaroeii ObicTpeiiniee nonaganme
CHUTHAJIA U3 OJHOI TOYKH B APYTIYI0.

Ilpumep 1. I1ycTh JIy4 cBETa BBIXOJIUT U3 TOYKH A U, OTPAa3UBIIKCH OT TIOCKOH
MIOBEPXHOCTH, MOMaJAaeT B HEKOTOPYIO TOUKy B . [lokaxkeM Ha OCHOBaHMM MPUHIIUIIA
depma, YTO Y201 nadeHUst paseH Yy OMpPadtceHus..

[IpencraBum 3aTpadyeHHOE BpeMsl KaKk (PYHKIHMIO BEJIMUYUHBI O — yria MEXIy
OTpaXkarollel MIOCKOCThIO U OTPE3KOM ITyTH OT TOUYKHU A 10 MIIOCKOCTH:

a b
()= vsing * vsin pla)

3II€CB ﬂ — YIoJI MCXKIOY 0Tpa>1<a}omeﬁ IJIOCKOCTBIO U OTPC3KOM ITYyTH OT TOYKH

B 1o miockoctr, @ u b — paccrosaus oT Touek A u B 10 miockoctH, V. — cKOpocTh
CBETA. Y CIIOBHE DKCTPEMAIBHOCTH t(a) M0 apryMeHTy (! O3Hayaer:

dt(oc)_0
daa

B nannom ciyudae
acosa bcosp(a) dp _o
sina sin’ B(a) da
Jlns mro0BIX 3HAYEHUH (X CIIPaBEIJIMBO PABEHCTBO

a b
C= + ,
g tgp(a)

IJIe ¢ — PACCTOSIHUE MEXKy MPOCKIUAMHU Touek A U B Ha npsmyto (0JMHAKOBOE IJIs
Bcex Tpaektopuid). uddepenmupys ero, noisyyaeM COOTHOIICHUE

a b dg
+ =0
sinar sin’ B(a) dae

KOTOpPOE BMECTE C YCIOBUEM MUHUMAJIBHOCTH (9.1) o3Havaer

(5.1)

(5.2)
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cosa =cos f(a) (5.3)
T. €. pPaBEHCTBO YIJIOB & W A3, YTO U TPEOOBAIOCH. Y CIOBHE MUHUMAJIBHBIX 3aTpat
BPEMEHHU TPHUBEIIO K BHIOOPY COOTBETCTBYIOMIEH TPACKTOPHH MO TPABIIIY «YyTOJI
MaJCHUsT PaBEH YTy OTPaXXEHUs». TaKoMy 3aKOHY TOIUYUHSAETCS M XOJ CBETOBOTO
Jy4a, MOMaAal0IIero Ha OTPAKAIOIY IO TTOBEPXHOCTb.

BepHo 1 oOpaTHoe: eciu yroJj najieHust iyda paBeH yrity oTpaxeHus (hopmyia
(5.3)), To 1y4 mMpoxXoAWMT MyTh M3 TOUYKHM A B TOUKy B 3a HamMeHbIiee Bpems.
JleficTBuTeIbHO, YMHOXKas TiepBoe ciaraemoe (5.2) Ha neByro yacthb (5.3), a BTopoe
ciaraeMoe — Ha mpaByto 4acTh (5.3), moayuum (5.1), T.e. yClIOBHE IKCTPEMATBHOCTH
BpPEMEHHU.

PaccmoTpum 3agauy MOCIOKHEN.

Ipumep 2. IlycTh Tyd cBETa BBIXOJUT U3 TOUKU A U, TPOHIS IMIIOCKYIO TPaHUILY
MEXIy CpellaMu, TIomaiaeT B HEKOTopyto Touky B . ITycTh ckopocTs cBeTa B cpene co
croponsl A pasHa V,, co cTopoHsl B pasna V. Torna Bmecro (5.3) nomy4aurcs:

V, COsa =V, €os B(a), (5.4)
— 3aKOH MpPEJOMIEHHMsS CBETAa NP IIEPEXOJE Yepe3 IPaHMIly Cpel C pas3Hoi
m10THOCTHIO. [TycTh, Hanpumep, V, / Vv, = J2. Mycts @ = 77/4,1orna = 7/3. Tlpu

NIEPEXO0/Ie U3 CPEBI C OOJIBIICH CKOPOCTHIO CBETA B CPEY C MEHBIIIEH CKOPOCTHIO CBETA
YTOJI HAaKJIOHA K TPAHUIIC YBCIIMIMBACTCS.

Onpeoenenue. OtHomwenne N=N,, =V, /Vb CKOpPOCTH CBE€Ta B Cpele, U3

KOTOpPOH Jyd BBIXOJWUT, B Cpeay, B KOTOPYIO JIyd BXOJWT, HA3BIBACTCA
K03 Puyuenmom nperomienus CBeTa JUisi JTAHHBIX CPe.
C ucnonb3oBaHUEM 3TOr0 0003HaUeHUs popmyia (5.4) MOKHO 3amucaTh B BUJIE:

cos B(a) = nicosa (5.5)
ab

Hpoanammsupyem dopmyiy (5.5). N =N, — 3T0 mapameTp U3y4aeMoro o0beKTa, o
COSox

— nman”oe yciosue. Ilycth >1. Torna ¢opmyna (5.5) nporuBopeunsa. He

3HAUYUT JI1 3TO, uTo npuHiun ®epma HeBepen? Het. @opmyisl (5.4) u (5.5) nomyueHs
B MPE/INOJI0KEHUH, YTO JIy4 CBETA MEPECEKAET KOHTAKTHYIO FPAHUILy U MEPEXOAUT U3
OJHOM cpenbl B APYryr0. MBI, 3JIEMEHTAPHO AHAIU3UPYS IIOJIYUYEHHBIM pPE3yJbTar,
BBIXOJIUM Ha «HOBOE» (PU3MUECKOE SIBJICHUE:

eciu COSa = N, mo yy ceema He 8bIXOOUM U3 UCXOOHOU Cpedbl, d, 00OCMULHYE

KOHMAKMHOU NOBEPXHOCIU, OBUICEMCSL NO Hell, m.e. B (a)=0.

[Toatomy dopmyrst (5.4) u (5.5) cnenyeT yTOYHUTH:

cos B(a) = %cosw, cosa <n,

B(a)=0, cosa=n.

23



6. IlpuMeHeHNe AHAJIOTHII IPHU MOCTPOEHUH MATEMATHYECKUX
Moaesei

B orpoMHOM uYucie ciy4aeB MpH MOMBITKE MOCTPOUTH MOJENbh KaKOTO-JIMOO
o0beKTa MO0 HE ymaeTcs 060cHo8anHO yKa3aTh (DyHIAMEHTAJIbHBIC 3aKOHBI HIIH
BapHAIMOHHBIC TPUHIIUITBI, KOTOPBIM OH MOAYUHSETCS, IN00, C TOUKU 3PEHUS HAIINX
CETONHSIIHUX 3HaHWK, BOOOIIE HET YBEPEHHOCTH B CYIIECTBOBAHWUU TOJO0OHBIX
3aKOHOB, JOMYCKAIOIIMX MaTeMaTH4eCKy0 (GopMyIupoBKy. OJHUM U3 MII0IOTBOPHBIX
MOJIXO/I0B K TAKOTO POJia OOBEKTaM SBJSETCS WJIM 3aMEHA M3y4aeMOro SBJICHUS Ha
KaKyI0-TO aHAJIOTUIO, WJIM UCIIOJIb30BAHUE aHATIOTHH C YK€ N3YUCHHBIMH SBICHHUSIMHU.

6.1. BoITekaHHe JKHAKOCTH U3 cocyaa

PaccMoTpuM siBJI€HHME BBITEKAaHUS KUJIKOCTU U3 LWJIMHIPUYECKOTO COCyAa C
MaJIeHbKHM oTBepcTHeM B ero nHe. Kak 3ametun Toppuuennu, eciiv ypoBeHb BOJBI B
cocye paseH H |, To Bosma BeITeKaeT ¢ TOi e CKOPOCTBIO V , ¢ KaKoi oHa yraia Obl ¢
BeicoThl H . JleficTBUTENBHO, €CiH BO/Ia CBEPXY YXOMT, & CHU3Y CTOJBKO XKe (3aKon
coxpaHenusi maccwl!) NOSBISAETCA, TO MOKHO CUUTATh, UTO 3TO Ta k€ caMas BOJa, T.€.
4TO OHA «ymaia» ¢ BeicoTel H . icrions3ys saxon coxpanenus mexanuueckoti snepuu

mv?

W =W, +W, :7+mgh = const,

MOXHO 3aM€THUTb, YTO TCJIO, I1aAar0IICC C BBICOTHI H , IIOJIY4acT CKOPOCTb

v=,2gH . (6.1)

JleCTBUTENBHO, B HAYAJIbHBIT MOMEHT h=H . V=0, a B koHCUHBI1 h=0. Orciona

mgh =mv?/2, (6.2)

T.€. B KOHCYHBI MOMEHT mojy4aercs ¢opmyia (6.1). @opmyna (6.1) kak popmyia
JUTSI BBIYUCIICHUS CKOPOCTH BBITEKAIOIICH U3 MAJIOTO OTBEPCTHS KUIKOCTH HA3BIBACTCS
3akonom Toppuuennu. 3amMeTHM, 4TO 3aKOHA COXPAHEHUSI MEXaHUYECKOW SHEPTUU B
€ro BpeMsl ele He CYIIECTBOBaIIO, M (hopMya Toppudeniy moayyeHa UCKIIOYUTETHFHO
10 AaHAJIOTHH C MTaJICHUEM KUIKOCTH C BBICOTHI.

PaccMoTpuM MaTeMaTHYECKYI0 MOJENbh JABWKCHHUS YPOBHS JKHUIKOCTH TPH
BBITEKaHHUH €€ U3 [IITMHAPUIECKOTO COCYa Uepe3 Malloe oTBepcTHe. BBenem cucremy
xoopauuar. ITycts enuncreennas oce OH mamnpasnena BBepx, a Ha4yaa0 KOOpAMHAT
HaxXOJIUTCA Ha TIOBEPXHOCTH >KUIKOCTH B HadalbHbIH MoOMeHT. [lycTh muiomanp
CeYeHHMs COCy/ia paBHa S , IUIOLIAAb OTBEPCTHE PaBHA S, YPOBEHb BObI B HAYAIbLHBIN

moMeHT paer H j, ckopocts omyckanus yposns xuaxoctu H =dH/dt. Tycrs 3a

Bpemst Ot kamms Boawl B BEITeKarommeil crpyiike nmpoiiner paccrosane 0l . Torma 3a
Bpemst Ot 0GwBem BEITeKaroImIEi BOBI paBeH:
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dV =sdl :sﬂdt =svdt.
dt

O0beM BOJHbI B COCYJIC 3a BPpCMA dt ITIOHU3HUTCA Ha

dV =-SdH :—Sd—Hdtz—SH dt.
dt
[IpupaBHUBas ATHU BEIUYHUHBI (3AKOH CcOXpaHeHusi maccol!), TOIYIUM: SH =—SV.

[ToacraBuB crona Beipaxkenue V u3 (6.1), momyurnm MM nBukeHus: ypoBHS KUAKOCTH
IIPU BBITEKAaHUU €€ U3 MUIMHAPUYECKOTO COCY/la Yepe3 Majoe OTBEPCTHE:

. S
H=->./2gH . (6.3)
S
MM coCTOUT 13 3TOr0 YpaBHEHUS M HAYAJIbHOIO YCIOBUSA:
[Ipuctynum K uccnenoBanus MoaydyeHHOU moenu. Pasnenss mepemenusie B (6.3) u

S
UHTErpUpys, nonyuum: 2+ H = —5\/29 t + C . U3 HayaibHOro yCaoBHs HAXOMUM:

C =2,/H, . Orcropna:

S
H=|JA, > [2¢ ] (6.4)
S\V2
Bpems BoiTekanns t onpenensercs Momentom, korna H = 0. ITostomy u3 (6.3):
. S |2H
t"=— o (6.5)
SV 9

Hubdepentupys  (6.4), momyumnm: ‘H‘=2§ % */Ho_g %t t. Orcroma

BHUAHO, YTO YPOBCHb BOAbI OIIYCKACTCA 4CM AaJIbIIC, TCM MCIJICHHCC, HO 3d KOHCYHOC

*
BpeM: t ITOJTHOCTBIO BBITCKACT.

[Tomy4yeHHBIE TEOPETUYECKHME BBIBOJBI OBUIM TMPOBEPEHBI HATYPHBIMHU
skcnepuMeHTaMu. OKa3anock, uTo epems evimexarus (6.4) noumu 6 2 paza menvute
peanvHo2o. J1eo B TOM, YTO CEUEHUE CTPYU 3aMETHO MEHBIIE TOJIIHUHBI OTBEPCTUSI.
DT0 00BSICHSAETCS TUAPOIUNHAMUICCKUMHU SIBJICHUSIMUA B OKPECTHOCTH OTBEPCTHS: TaM
KHUJKOCTh HCIBITHIBAET HE TOJBKO CUJTYy TSIKECTH, HO M CXKUMAIOIIUE CUJIbI BOKPYT
OTBEPCTHS, YTO 3aCTaBJIACT CTPYIO JIBUTAThCSl OBICTpEH U, B CHUIy HEC)KUMAEMOCTH
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KUJAKOCTH, YMEHBIIUTh TOJIIUHY CTPYHU. YK€ 3TO 00CTOSATEIHCTBO TOBOPUT O TOM,
MPEIIOKEHHAs! MOJIEb JaJIeKa OT COBEPILECHCTBA.
Eme BaxkHee BOmpocC: a eciii OTBepCTUE He «Matoe»? M 9To 3HAUUT «manoe»?

OTHOIEHUE IIom@Aed S W S PaBHO OTHOLIEHHIO CKOpPOCTEH V H ‘H‘ (3aKoH

COXpPAaHCHHA MaCCI)I), T.C. KaK YIKC OBLIIO0 3aMCUYCHO,

- VS

Ecnu oTBepCcTHE «MaIoey», TO «Majla» CKOpocTh H aBmkenus xuaxocTu mon
JICHUCTBHEM CHJIBI TSDKECTH, U MOMCHO He YUUmbleamb KUHEMUYECKYIO IHepIUio
arcuokocmu sHympu cocyoa. Orcroga — nmpocrora popmyssl (6.1).

OO6cynuM 3TH BOTIPOCHI MOpoOHEee B paszzeie 9 « Y TouHeHne MaTeMaTHIeCKOM
Mozenmny. [Toka ke MOKHO YCOBEPIIICHCTBOBATh PACCYKICHHE, M3 KOTOPOTO MOJTydeHa
dopmyna Toppuuennu (6.1), yrounus dhopmyiy (6.2). byaem cuutaTh, B OTIUYHUE OT
(6.2), yTO KMHETUYECKas SHEPIHs BHITEKAIOINIECH BOJbI paBHA NOJHOU MEXaHUYECKOM
SHEPTrUU BEPXHETO CJI04, T.€.

12 2

H Vv
rne dM — Macca BepxHEro aneMeHTapHOro ciios KuakocTd. B cuny (6.6) oTcroma
MOJTyYHM:

OTKyJa

Ecmn, manpumep, S/S = 0,1, To otHOCHTENBHAS ommbKa (6.1) IO CpaBHEHHIO € 3TOH

dbopmynoit pasHa 0,005 (B cropony ymensblenus). CrnenoBarensHo, Gopmyna (6.1)
IPOU3BOJIUT BIIEYATIICHHE BECbMa TOUYHON B TOM CMBICJIE, UTO «MajbIM» OTBEPCTHEM
MOXXHO CYHMTAaTh BeChbMa HE MaJlo€, KOrja OTHOIICHHE €ro pajauyca K paauycy

muueapa pasHo /0,1 ~0,316.

IIpouecc, KOTOpBIM MBI 371€Ch paccMarpuBaeM, He IMpocT. Hekoropeie
o ipoOHOCTH OYyT 00CYKIaThCs B paszene 9.
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6.2. Moaeabr MaabTyca

MoxHO OOHapyXUTh HEKYIO aHAJIOTHIO MEXAYy PaJHOAKTUBHBIM paclajoM U
JUHAMUKOW MONYJIALMMA, B YaCTHOCTH U3MEHEHHEM YHCJIECHHOCTH HACEJICHHs Hallleh
IIJIAHETHI.

PaccmoTpum OHY M3 NMPOCTEHMIIMX MOJENIEH MOMYJISIUN, TaK Ha3bIBAEMYIO
Mmooenvs Manvmyca. B ee OCHOBY I0OJI0KEHA

2unome3a: CKOPOCTb M3MEHEHHMsl HaceJeHHMsl €O BpemeHeM
MPONOPIMOHAIBLHA ero Tekyuleid yncjienHocTu N(t), yMHOKeHHOI Ha pa3HOCTH

K0P PUIHMEHTOB POKAAEMOCTH a(t) >0 u cmepTHOCTH (t) >0. B pesynbrate

IPUXOAUM K YPaBHEHHIO

dN (t)

— —(@(®-BO)N().

IIOXO0KECMY Ha YPAaBHCHHC PAJHMOAKTHBHOI'O paciiaga U COBIIAAAIOMICTO C HUM IIpU
IIOCTOAHHBIX X I/I,B " YCIIOBUU & < ,8 HHTel"pI/IpOBaHI/Ie 9TOI'O YPABHCHUA OACT:

aN _

=(a(t)-A(1))dt,

t

N (t)=N(0)exp| [((t)-B(t))dt |

to

e N (O) — HayanbHas 4YUCIEHHOCTh. Ilpu ¢ =/ YMCIEHHOCTH OCTaeTCs
TIOCTOSHHOM, T. €. B OTOM Clly4ae DPEIICHUEM YPABHEHHUS SBJIAETCS PABHOBECHAS
semmanna N (t)=N;. PaBHoBecme MexIy pPOXIAEMOCTBIO W CMEPTHOCTBIO
HEYCTOWYHMBO B TOM CMBICIIE, UTO JlaKe HEOOIBIIOE HAPYIIEHHE paBeHcTBa O = [3

IPUBOIUT C TEYECHUEM BPEMEHU KO Bee OobineMy oTKIoHeHuo Gynkimun N ('[) oT

pasHoBecnoro 3nauenus Ny. Ilpn ¢ < /3 YHCIEHHOCTh HAceNeHHs yOBIBAET W
cTpeMurcs K Hymo mpu t—>o00, a mpu o > pacreT IO HEKOTOPOMY

OKCITIOHCHIIMAJILHOMY 3aKOHY, oOpaimiasch B OeCKOHEYHOCTh npu t—>00. DT10 ™
MOCITY’)KHJIO OCHOBaHMEM JJIs omaceHuil ManbTyca o TpsiaylieM TepeHaceleHun
3eMii CO BCEMH BBITEKAIOIIMMH OTCIO/IA TTOCIIEICTBHUSIMHU.

3aoaua. Onpenenure, Kak ce0s JOJDKHA BECTH MPpHU OoJibIKX t BeMurHa
r(t)=a(t)-pA(t)>0
B Mojiesi MasbTyca, 4To0bI YUCIEHHOCTD TOMYJISIIIUU OCTaBajlach OrpaHUYEHHON MpH
{—> .

Pewenue. HCO6XOI[I/IMI)IM n  A0CTATOYHBIM YCIIOBUCM OI'PAaHHUYCHHOCTHU
YUCJICHHOCTH IOITYJIAIUHA ABJICTCA OTPAHUYCHHOCTD ITPU t—> HHTCI'pajia
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j(a(r)—ﬂ(r))df.

]_IOCTaTO‘{HLIM YCIOBHUCM OTPAaHUYCHHOCTHU YHUCIICHHOCTH IIOITYJIALIMU IIPpU >
ABJISICTCS YCIIOBHEC.

‘a(t)—ﬂ(t)‘sthﬂ, s

JleficTBUTENBHO, B 3TOM citydae mpu AL >1 u mobbix t > 1,

t t

exp I(a(r)—,[)’(r))dr <exp H(a(r)—ﬂ(r))‘dr <

to to

(dr 1 1
eXp k{[z-_ﬂ :eXkaEtéu—l—t'u—ljJ<OO

JIpyruM JTOCTAaTOYHBIM YCIOBHEM OTIPAaHUYEHHOCTH YHUCIIEHHOCTH MOIYJALUU TIPH
t — oo sBisroTes (orpaHuueHHbIe) QYHKINM BUIA:

a(r)—ﬂ(r):aCOS(a)t)+bSin(a)t), a,b,weR, w>0.
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7. HeaimHeliHbIe MATEMATHYECKHE MOJIEJIHN

[IpocToTa paccMOTPEHHBIX BBIIIE MOJEIECH BO MHOIOM CBfi3aHA C UX
JMHEWHOCTBIO. B MareMaTndecKkoM IUIaHE 3TO BAXXHOE IIOHATHE O3HAYAET, YTO
CIIPABEIJIVB HPUHUUN CYREPROZULUL:

JI00asi JIMHelHasd KOMOMHAUMs pelleHMil (HaAmpuMep, HMX CYMMAa) TaKiKe
SIBJISIETCS PelIeHueM 3aJa4u.

[1onp3ysACh NPUHLMIIOM CYNEPHO3ULIMHU, HETPYAHO, HANUIA PEIICHHE B KaKOM-
1100 YaCTHOM cilydae, IOCTPOUTH pelieHue B Oosiee oOmel cutyaruu. [lostomy o
KaueCTBEHHBIX CBOMCTBAX OOMIETO CiIy4asi MOKHO CYJUTh IO CBOMCTBAM YaCTHOTO —
pa3IMuhe MEXKIy [BYMSI PELIICHHSIMU HOCHUT JIMIIb KOJWUYECTBEHHBIM XapakTep.
Hanpumep, yBennueHne B JBa pa3a CKOPOCTH UCTEYEHUS PAKETHOTO TOIJIMBA BEAET
TaKX€ K JBYKPATHOMY YBEIMYEHHUIO CKOPOCTH PAKEThl, YMEHBUICHUE YIJja IMaJICHUS
CBETOBOIO JIy4a Ha OTPAKAIOUIYI0 MOBEPXHOCTh O3HAYAET TAKOE KE N3MEHEHUE yIJia
OTpa)KEHUS U T. A. [[pyrumu cioBamu,

8 cIyuae TUHeHbIX Mooelell OMKIUK 00beKma Ha U3MeHeHue KaKkux-mo YCi08utl
NpONOPYUOHANEH BENUYUHE IMO20 USMEHEHUSL.

JInd HENMHEWHBIX SBJICHUM, MAaTEMAaTHYECKME MOJEIM KOTOPBIX HE
MOJYMHAIOTCS MPUHLIMITY CYTIEPIIO3ULIUY, 3HAHNE O TOBEJEHUU YaCTU O0OBEKTA ElIe HE
rapaHTUPYET 3HAHUS MOBEICHHS BCETO O0BEKTA, a €r0 OTKIMK Ha U3BMEHEHHUE YCIOBHMA
MOYET KAYECTBEHHO 3aBUCETH OT BEJIMYMHBI ITOTO N3MEHEHUS. TaK, yMEHBIIICHHE YTl
ITaJICHUS JTyda CBETA HA TPAHHUILy pasfena AByX Cpell NMPHUBOJUT K YMEHBIICHHUIO yIia
IIPEJIOMIIEHHS, HO TOJBKO JI0 OIpenesieHHoro mnpexnena. Eciau yron naneHus
CTAHOBUTCSI MEHBIIIE KPUTHYECKOI0, TO IPOUCXOIUT KAYECTBEHHOE U3MEHEHUE — CBET
repecTaeT MPOHUKATH Yepe3 TPaHUIly paszielia BO BTOPYIO Cpedy, €CIIM OHAa MEHEE
IUIOTHAsA, 4yeM IiepBas. TeM camMplM NPEIOMIICHHE CBETa — IIPUMEDP HEJIMHEWHOIO
npouecca. bonbuwuncmeo peanbHbiX NPOYecco8 U - COOMBEMCMEYIOUUX UM
mMamemamuyeckux mooenel Heaunelnvl. JIMHEHbIEe ke MOJIeNU OTBEYaloT BeChMa
YacCTHBIM CIIy4yasiM M, KaK MPaBUJIO, CIYXaT JIMIIb IEPBbIM MPUOIMKEHUEM K
PEaTbHOCTH.

HHomyasinnoHHbIE MOACJU. YTOYHeHUE Teopun MajibTyca

PaccmoTpum B KauyecTBe mnpumepa nonyrayuounvle mojenu. OHuU cpazy
CTaHOBSTCS HEJIMHEHHBIMH, €CJIU MPUHSITH BO BHUMAHUE OTPAHUYEHHOCTh JOCTYITHBIX
MOMYJISILUU pecypcoB. IIpu X BbIBOIE CUMTAETCS, UTO:

1) cymecTByeT «paBHOBECHAs» YUCIEHHOCTD nomynsiuk N ), KOTopyro MOXKeT

00€ecreunTh OKPY Karollasi Cpe/a;

2) CKOpPOCTh M3MEHEHMSI YHUCIECHHOCTH MOIMYJISIUU MPOMOPLHOHATIbHA CaMoOM
YUCJIEHHOCTH, YMHOXXEHHOH (B OTIMYMe OT Mojelu MaibTyca) Ha BEIUYUHY €€
OTKJIOHEHUS OT PABHOBECHOT'O 3HAYEHMUS, T. €. YPABHEHUE «POCTa» MOIYJISLNUN B BUJIE:

dN N

~ =a|1-— [N, a>0. (7.1)
dt N,
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Uren 1-N / Np B OTOM YpPaBHCHHH OOCCIEYMBACT MEXAHU3M «HACBIIICHUS)
yuciaeHHocTH — mnpu N < Np (N > Np) CKOpPOCTh pOCTa IIOJOKUTEIbHA

(oTpunarensbHa) u ctpemurcs K Hymo, ecnmi N — N . Ipencrapiss ypasuenue (7.1)

B BHJIE
dN +dN _adt
N —-N N

Y

U MHTETPHUPYS, ITOJIydaeM:
~In(N,~N)+InN=at+C.

[TocTossHHAs HHTCTPHUPOBAHUA OIIPCACIIACTCA U3 YCIIOBHA.

N|o=N(0),
OTKyJa
N(0)
=In————.
Np -N (0)

B pe3ynbraTe HaxXoauM:
N(O) «
N (t)=N, ——~ e~ N (t)—— 2 —
O=NN N "IN N
NI, B OKOHYaTCJIIbHOM BH/]IC,
N(t)= N, N(0)e™
N, —N(0)(1-e)

ITosenenne ¢yukuuun N = N (t) OMMCBHIBAETCS TaK HAa3bIBAEMOM Jl02UCMUYUECKOU

(7.2)

kpusotl — rpapukoM GyHkimu (7.2).
[Tpu mobom N (0) YUCIICHHOCTh TIOMYJISAIUNA CTPEMHUTCS K PaBHOBECHOMY
sHadenuto N, mpuyeM TeM MenjieHHel, yem BenuuuHa N (t) ommxe k N (O) Tem

caMbIM paBHOBECHE, B OTJIMYME OT cCiydas Mojenu Mainbryca, yCTOMYMBO.
Jloructuueckass Mojienbp 0oJiee PEaTUCTUYHO OTpaxaeT AUHAMUKY MOMYJISIHUA B
CpaBHEHUU C MOJIeIbI0 ManbTyca, HO cama OHa He JIMHEHA U T03TOMY 0oJiee CII0KHA.
3amMeTUM, 4YTO MPEANOJOKEHUS O MEXaHW3Max HACHIIIEHUS HCIOIb3YIOTCS MpU
MMOCTPOCHUU MHOTHX MOJIeJICH B pa3IMYHBIX 00JIACTSIX 3HAHUM.

3aodaua. PaccMOTpUTE B JOTUCTUYECKOM MOJIENIM Majble OTKJIOHEHUS OT
MOJOKEHUSI paBHOBECHs, T. €. CHUTyalulo, KOrjJa pelieHue MMEET BHUJl

N (t) =N, +6N (t), rie ‘5N (t)‘ <N o - [TokaxxuTe, 9To M1 Bermauntbr O N (t) B

NepBOM NMPUOIMKEHUH CTIpaBeIJIMBa JIMHEHAs MOIeb TUIa Moienn ManbTyca.
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SN (1)

Peuwenue. [1onoxum 1151 yno0cTBa 3amicu =M (t) . Torna ypaBHeHue

p

dM
(7.1) mpuoGperaeT BHL: W:_OKM (1+ M ) Tak xak, o ycinosuro, M <1,
dM
HOCIIEJHEE YPABHEHUE MOKHO 3aMEHHUTh Ha npubmmkenHoe: — ~ —aM |, otkyna
d(SN(t))
CIeyer: Erra— ~ - -(5 N (t)), T.€. ypaBHEHHE, MOJYUYEHHOE M3 TUIIOTE3BI
Manstyca.
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8. YPaBHeHI/IH B YACTHBIX IIPOU3BOAHBIX B MATEMATHUYICCKHUX
MOJeJIAX

MHorue 00beKThI U IPOLECCH XapaKTEPU3YIOTCs BEIMUNHAMU, 3aBUCAILIUMH OT
HECKOJIBKUX IIEPEMEHHBIX. MaTemMaTH4eCKOe OIMCAaHUE SIBJICHUH B OTOM Cllydae
JOCTUTAETCA C UCMOJIb30BAaHUEM YPABHEHMH B YACTHBIX IMPOU3BOJHBIX (YpaBHEHHIA
maTemaTuueckoil ¢usuku). [Ipumepamu SBISIOTCS MHOTHE MPOLIECCHl B MEXAHUKE
TBEPAOrO Te€ja, MEXAaHUKE MXUIAKOCTH M Ta3a, TEIUIOBBIE IPOLECCHI U IPOLECCHI
ropenus, u T.11. KpaeBble, rpaHu4HbIC, HAYaIbHBIE, pACIIPEACIICHHBIE U T.I1. 33Ja4H JJIs
YpPaBHEHUH W CHUCTEM YPAaBHEHUH B YACTHBIX MPOMU3BOAHBIX HCCIEAYIOTCS
AHAJIUTUYECKH JIMILb B PEJIKMX «KJIACCUYECKHX» ciydasXx. OOBIYHO OHU JOMYCKaroT
pELIeHUs] YHMCICHHBIMU METOJAMH M TPEOYIOT BBICOKOCKOPOCTHOW COBPEMEHHOM
BBIYMCIIMTEIIBHOM TEXHUKU. PaccMOTpUM He caMble CIIOXKHBIE MOJEIH Ul
KJIACCHYECKHX 33J1a4 MEXAHHKH, JIOITyCKAIOIINE aHATUTUIECKOE UCCIIEI0BaHNE.

8.1. BoJunoBoe ypaBHeHnue. Kose6aHusi ynpyrux reJ

PaccmoTpum kosieOaHusi, BO3HUKAIOIIME B YIIPYTOM CTEpXKHE MOJ JACHCTBUEM
CHUJI, HAITPaBJIEHHBIX 1O OCU CTEPHKHSI.
Mooenvuvle npeononodcenus. CTepxkeHb SBIAECTCA UUIUHAPOM U3 OJHOPOJHOTO
M30TPOIHOIO HJEaIbHO YIPYroro maTepuaia, T.e. BbIoiHseTcs 3akoH ['yka. Ilox
NEUCTBUEM OCEBOU CHJIbI CEYEHUS, OPTOTOHAIIbHBIE OCH CTEPKHS, OCTAIOTCS INTIOCKUMU
Y OPTOTOHAJIBHBIMU OCH.
CBSDKEM CTepKeHb ¢ OJHOMEpHOi cuctemoii koopauaar OX. B MomeHT Bpemenn t

CeYeHHE, MPOXOoIAIIee 4depe3 TOYKY X, NEPEMECTUTCS Ha BenuduHy U = U(t,X)

OTtpe3ok [XO; Xl] YIUIMHUTCS Ha BEIIMYUHY

u(&Jj—u(xwt)zﬁyééizAx, X e[Xy; % |-

ou(x,t)
OX

Benuunna Ha3BIBAETCS NPOOOAbHOU Oedhopmayueti CTEPKHS B TOUKe X.

B cootBercTBUM ¢ 3akonom Iyka, npu manvix Oegpopmayusix ocesas cuid,
oeticmgyrowas Ha cmepicens, (X,t) NPONOPYUOHANIbHA dedopmayuu U niouaou
ceuenust cmepoichs. [loaTromy

ou(x,t)

g(X,t):ETS, (81)

re E — Moaysib FOHra, ko3gduiimeHT nponopiuruoHaIbHOCTH B 3akoHe ['yka, S -
IJIOIIAb CEUCHUS CTEPKHSI.
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Bergenmum B CTEp)KHE MPOU3BOJIBHBIM OTPE30K [XO; X1] Ha Hero pencTByroT

IIPWIOKEHHBIE K €r0 KOHIIAM OCEBbIE (Pa3HBIX 3HAKOB) CHJIBI (J (Xl,'[) u—(Q (Xo,t)

oTKyza B cuiy (8.1):

0(x.1)-g ()5 Hut) 26D

OX OX

¢ ou(x,t)

=ES j dx = ES .[ de. (8.2)

OX

HYCTB CHIé NMCCTCs BHCIIHAA CHUJIA, I[CﬁCTBYI-OHl&H I10 OCH CTCPKH:A, HCIIOCTOAHHAA B
Pa3JINYHbIX TOYKAX OCH. O0o3HauuM ee IINIOTHOCTB, T.C. OTHOIICHUC K CAMHUILIC JJINHBI

crepsks, yepe3 | (X,t). Tornma BHEMIHSS cujla, JEUCTBYIOIIASA HA OTPE3KE [XO; X1] :
paBHa
Xy
SI f(xt)dx. (8.3)
X
o°u(x,t)

[Ipou3BesieHre Macchl HA YCKOPEHHE dileMeHTa cTepxkHs pasHo OS 0X T

IIO3TOMY 1 BCETO [XO; X1] 9Ta BEIWYMHA paBHA

X 82 (
;([pS ot

) dx. (8.4)

B coorBerctBum co 2-m 3axkonom Hoviomowna, B CUIy KOTOPOTO CYMMA 6CeX CUI,
0elicmeyIWux Ha meno, pasHA NPOU3BEOCHUN) MACCbl mend (npu ycioeuu ee
HOCMOSIHCMBA) HA YCKOpeHue, TIOTyduM, cooupast Beipaxkenus (8.2), (8.3) u (8.4), uto

JUTs1 TI000T0 OTpe3Ka [Xo; Xl] CTEPI)KHSI UMEET MECTO PAaBEHCTBO:

ESJ )dx+S'f xtdx Ips%dx.

B nmpenmnonoxkeHnM HENPEPBIBHOCTH NOABIHTETPAJIbHBIX BBIPAXKCHUM, YUYUTHIBAs

IIPOU3BOJILHOCTEL OTPE3KA [XO; X1] , IOJIy4YUM ypaBHEHUE:

o%u(x,t o%u(x,t
E#Jrf(x,t):p#
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Bzi %f(X, y):F(X,y). [Momyunm w3

2 )
E ¢
Hpezlbmymero TaK HA3bIBACEMOC 60J/IHO60¢€ ypaeneuue:
2 2
0 u(x,t) 10 u(x,t)
B B e S
OX C ot
KpOMe ypaBHeHI/Iﬂ, B MaTeMaTI/I‘-IeCKYIO MOACJIb BXOJ5T HAYAJIbHBIC U KpaeBBIe
ycioBus. PaccmoTpum, Hanpumep,

BBenem  00o3HaueHusA:

—F(x,t). (8.5)

3a0ayy 0 c80000HbLIX NPOOONbHBIX KONEOAHUAX Yynpy2020 cmepoiichs. B 3Tom
cllydae BHEILIHSS CHJIA, JEUCTBYIOIIAs IO OCH CTEp)KHS, OTCYTCTBYET, MOSTOMY
ypaBHenue (8.5) umeer Bu:

o’u(x,t) 1 d°u(x,t)
OX? G
[lpenmnosnaraeM, YTO  HMACAIBHO  YOPYIMHd  OJHOPOIHBIA  CTEPIKCHb

MOJICP)KUBAJICS HEKOTOPOE BPEMsS B PACTIHYTOM HWJIM CKAaTOM COCTOSIHUHM, W OBLI
ornymen (0e3 Tomuka). Ilycte koHen crepxkus X =0 3akpemnen. 3uauwr,

(8.6)

u (t, X)| 0= 0. [TIycteb npyrou koHen X = | maxomures B cBoGOIHOM cocTostaum. Ha

9TOT KOHCI, II0 YCJIOBHIO, HC IIGﬁCTByeT BHCIIHAA OCCBas CHJIa g (I ,t) Torma no

ou(x,t
M =0. CnenosarenbHo, KpaeBble (TPaHUYHBIE)

dbopmyne (1) umeem: | el

YCJIOBUS MPUOOPETAIOT BU:
u(t,x)|,=0,t=0,
(8.7)
&X’t)h:I =0,t>0.
OX

[TycTh B Ha4aJbHBIII MOMEHT TOYKH CTEpPXKHS OBUTM CMEIICHBI Ha BEIWYUHY
f (X) , @ CKOPOCTb BCEX TOYEK CTEPXHS paBHA HYJIO (OH ObLI OTHYILEH 0€3 TOMYKa).

HOBTOMY Ha4YaJIbHBIC YCJIOBUS 3aIIMCBIBAOTCA TAK:

u(t,x)| o= f (x), xe[0;1],

ou(x,t (8.8)
%LZO =0, xe[0;1].

Jist coryacoBaHus TPAHMYHBIX U HAYaIbHBIX YCIOBHH TPEOYeTCs IOMOIHHUTENLHOE
orpanuuenue f (0) =0. Cucrema (8.6) — (8.8) sBisieTcss MaTEMaTHIECKOM MOIEIBIO
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TUISL 3a0ayu 0 C80000HBIX NPOOOILHBIX KONEOAHUSAX YNPY2020 CMEPIICHS NPU OAHHBIX
VCI0BUSIX.

CyIlecTBYIOT XOpOIIO pa3pabOTaHHbIE METOAbl AHAIUTHYECKOTO (METOIbI
Hanam6epa u @ypbe) U YUCIESHHOTO (METOMBI CETOK) PEIICHUs KpaeBhIX 3adad IS
TaKUX YpaBHEHH.

Ypasuenue (8.6) BOZHUKAET MPH MOCTPOSHUH MAaTEMAaTUYECKOW MOJIETTH MaJIbIX
MOTIEPEYHBIX KOJICOaHH HIealbHO YIPYTrod uaeanbHO THOKOM CTpYHBI B Cpefe, He

OKa3bIBAIOIIEH CONPOTHUBIICHUS [IBWXXEHUIO. B atom ciywae U = U(t,X) €CThb

OTKJIOHEHHE TOYKH X CTPYHBI OT IOJIOYKEHHS PaBHOBECHSA B MOMEHT BpeMmeHH 1.
VYpasuenue (8.6) onuchIBaeT Takke 3aKOH KOJIEOAHHS MIIOCKUX CBETOBBIX U 3BYKOBBIX
BOJIH B HJEAJBHBIX Cpelax W UENbId P Apyrux (U3MUECKUX SBICHUHA. Takum
o0pa3oM, oJlHa MaTeMaTH4ecKasi MOJIEJIb MOXKET SIBJIATHCSI MOJEIIBbIO IIUPOKOTO Kilacca
(u3znYeCKuX SIBICHUH.

AHQJIOTUYHO ypaBHEHUIO (4) B ABYMEPHOM M TPEXMEPHOM CIIy4asix MOKHO
MOJyYUTh YPABHEHUS

o°u(x,y,t) . o°u(x,y,t) iazu(x, y,t)

= —F
aXZ ay2 62 atZ (X’ y’t)'
o’u(x,y,z,t) d%u(xy,z,t) ou(xy,zt)
+ + =
OX? oy’ oz?
1 0°u(x,y,z,t
:c_2 (6zz )—F(x,y,z,t)

KOTOpBIE SBIISIIOTCS MAaTEMAaTUYECKMMHU MOJECIISIMA PAaCcIpPOCTPAHEHUSI 3BYKOBBIX,
CBETOBBIX U DJIEKTPOMArHUTHBIX BOJIH B JIBYMEPHOM U TPEXMEPHOM IPOCTPAHCTBE, U
psina Apyrux GU3NUEeCKUX SBJICHUM.
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8.2. YpaBHeHHE TeIJIONPOBOAHOCTH

Iycts B kaxaoil Touke M nexoToporo Tema {2 TpexmepHOro mpocTpaHcTBa
3 y y
R tpebyercs naiitu Temneparypy T (|\/| ,t) B 0001 MoMeHT Bpemenu L . [Tycts @

— seMeHT oObema B Teste {2 ¢ rpanuueii 0@ .

PaCCMOTpI/IM 3 3aKoHa TCHHO(i)I/IBI/IKI/I, OTHOCAIIHCCS K pACIIPOCTPAHCHUIO TCILJIA
B TBCPAOM TCJIC.

1. Komuuecmeo menna AQ, npoxooswezo 3a manviii npomescymox epemenu Al

uepes nogepxrnocms O, GbIHUCTACICA NO opmYIe:

AQ :At@}k st,
ow

rie N — BHENIHAS HOPMAIb K TOBEPXHOCTH O, a K — xosddurment BHyTpeHHelH
TEIJIONPOBOAHOCTH.

2. Konuuecmeéo menna, evldensemoe menom maccel M npu  usmenenuu e2o
memnepamypol na AT pasno yMAT | Tie ¥ — TEI0EMKOCTb.

[TosToMy BO BceM 00bEME @ 3a OTPE30K BPEMEHHU [t; t+ A’[] BCJICJICTBHE U3MECHCHHS

TeMIIEpaTypPhI TeNa BBIACISIETCS] KOJMYECTBO TeIlIa, paBHOE ( 0 — IUIOTHOCTH TeJa):

H yp [T(M,t+At)—T(M,t)dV.

3. Ecnu f (|\/| ,t) — yoenvras mowHocme ucmounuka menia 6 mouxke M 6 momenm

t, mo obwee xonuuecmeo menna , evidenneM020 UCMOUHUKAMU 8 dlemMenme @ 3a
Ompe30K 8pemeHuU [t; t+ At] , PABHO:

dtf[[ f (M, t)dv.

CobOupast »3tu Tpu (OpPMYJIbl, TOJYYUM VYpAaeHeHUe meni08020 Oaniauca.
3anuiem ero IS ciydasi, Korjaa uAeT MPOLECcC OXIaKICHUS:

—Atgj%f)k—a-r (M.1) g _
2w ON (8.9)

=—[[[7 (T (M,t+At)-T (M,t))dV + At[[[ f (M,t)dV.

[Iepenuiiem 310 ypaBHeHue. Vcronb3yst CBOMCTBA MPOU3BOIHON IO HAIIPABJIEHUIO,
3areMm Gopmyiry Octporpaackoro—I aycca, moaydum:
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g[:ﬁkg—:ds = {pkgraduds = [[[div(k gradu)dV .
0w Ow 0]

[Tocne nenenus ypaBHeHuUs TermioBoro 6amanca (8.9) na At u mepexoma k mpeneny
npu At — 0 monyuum uHTErpanLHOE YpaBHEHHE:

m(div(kgradu)—yp%u+ f (M ,t))dv =0.

CuuTtas noasIHTErpaibHble (PYHKINN HEMPEPHIBHBIMU M YUUTHIBAsT MPOU3BOIBHOCTH
(), IOJTy4aeM, 4TO MOABIHTErpaJIbHAS (DYHKIIMS TOKIECTBEHHO paBHa Hy 0. [loaTOMy
IpeAblIylee ypaBHEHUE MOYKHO 3aIIMCaTh B BUJIE!

div(kgradu)—ypzt—quf(M,t):O (8.10)

HpeI[HOJIOH(I/IM, 49TO TCJIO0 OJHOPOJHOC, U TOrAa k u 7/ IIOCTOSHHEI. HOI)TOMY
div(kgradu)=kdiv(gradu) =k Au,

u Toraa u3 (8.10) cnenyer ypaBHeHHeE:

Au :Za_u_ F(M,t), (8.11)
ot
rac
f(M,t) ou ou A

y=2 By =My, Gu 2 o
K K ox® oy® oz

VYpasuenue (8.11) nasviBaercs ypasrenuem menionpogooHocmu. OKa3bIBAETCS, ITO

ypaBHEHHUE OMHUCHIBACT Takke mporiecchl nuddysun. B sTom ciyuae u(l\/l ,t) €CTh

KOHIIEHTpaIus AU yHAUPYIOMIEro BEeIeCTBA U 1/ ¥ — koapduruent muddyzuu.

D10 00CTOSATENBCTBO  JOBOJBHO  XapaKTepHO I  MaTeMaTHYEeCKOTO
MOJICIUPOBAHUS, KOTJIa 00HA MOO€ENb ONUCbIBAEm pa3Hble NPoYecchbl Ul A611emcs
MaAmemMamuyeckol MoOenbl0 PA3IUYHbIX 00bEKMOS.

PaccmoTpum 3amady pacnpoCTpaHEeHHs TeIla B OJHOPOAHOM CTEPIKHE
KOHeuHO# JutnHbl. [TycTh 0THOPOHBIH cTepikenb MuHbI | Termmonsomuposan no Beeit
niune. Ilycts konen crepxus X =0 nomnepxkusaercs npu temneparype 0°, a Ha
xonne X = | mpoucxomut Tennoobmen ¢ okpyskaroeii cpesoii, Temmeparypa KOToOpoit
toxe 0°. B HauaJIbHBIM MOMEHT 3aJ1aHO PacIpEACICHUE TEMIIEPATYPhl B CTEPKHE, U

TpeOyercst HallTu Temneparypy U =U (X,t) B JII000M TOUYKe X CTEpXHS U B JIIOOOU
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MOMCHT BPCMCHHU t. Ecou B CTCPXKHE HCT HCTOYHHUKOB TCILJId, TO YPAaBHCHHUC
TCINIOIIPOBOAHOCTH UMECT BU/L:

ou
AU=y—. 8.12
X p (8.12)

B cuity omHOMEpHOCTH 00BEKTa ypaBHEHUE 3aIUILETCS TaK:

o’u(x,t)  ou(xt)

= . xXxel|0:l], tel0;4+ 00 8.13
Ha xownrte crepskas X =0 rpanudHoe yciaoBre UMeeT BUL:
u(0,t)=0, te[0;+). (8.14)

PaccmoTtpuMm enie ouH 3aK0H TEIIO(PU3UKH, OTHOCAIIUECS K PACIIPOCTPAHEHUIO
TEIUIa B TBEPJIOM TeJIE.

3akon Hpblomona: BeJWYNHA TEMIEPATYPHOIr0 rpaaueHTa (CKOPOCTH
W3MEHEHHUSI TeMIIepaTypbl) NPONOPUUOHAJIbHA PA3HOCTH MEKIAY TeMIIePaTypoi
TeJIa M TEMIIEPATYPOH OKPY:KaKILel Cpeabl.

Ucnonssys »1oT 3akoH, momyuum Ha komne X=I (N — xoappuument
TEIUI0O00MEHA):
ou( Xt
%h_lz—hu(l,t), te[0;+) (8.15)

HauansHoe yciioBue TpebyeTcs 01HO, Tak Kak B ypaBHenuH (8.13) npoussoanas mo t
MMEET NEPBBIA NOPSIIOK:

u(x,0)=f(x), xe[0;l], (8.16)

pHUYEM, JIJIs COINIACOBAHHS 3TOI'0 YCIOBHS ¢ KpaeBbIMU yciaoBusmu (6) u (7) ciemyer
HaJIOXKHUTh OTPaHUYCHHUE:

£(0)=0, f'(1)+hf(1)=0. (8.17)

Cucrema (8.13) — (8.17) sBaseTcs MaTeMaTHUECKOH MOMACIBIO I 3adayu
PAcnpocmpanetust menia 6 00HOPOOHOM CEPIHCHE KOHEUHOU OJIUHDL.
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9. YTouHEeHHEe MATEMATHYECKUX MO/IeJIel

HckyccTBO MOMy4YeHHsI a/IeKBaTHBIX MaTeMaTUYECKUX MOJENe HE MOXKET
oboiftuck 0e3 «Merona nmpod u omubok». Hepeako ObIBAET, 4TO C TOMOIIBIO JaHHON
MOJIEJId MOYKHO OTBETUTh Ha HEKOTOPHIE CBS3aHHBIE C HM3Y4YaeMbIM IPOLIECCOM
BOIIPOCHI, HO Ha JIpyrue OTBETOB JHOO HET, JIMOO OHM NMPOTUBOPEYAT M3BECTHBHIM
¢axTam U gaxke 3apaBoMy cMbIcTy. PaccMoTpuM crieayrommii mpumep, 6ojiee moIHO
IPUMEHHB 3AKOH COXPAHEHUs MEXAHUYECKOU dIHEPSUU.

BoITekaHue JKHIAKOCTH U3 COCyIa

Eme pa3 paccmoTrpum monydeHHyio B 1. 6.1 ¢opmyny (6.4) 3aBUCUMOCTH OT

BPCMCHH BBICOTHI crojiba JKUAKOCTHU B COCYC:
2

S
H = JHT—g %t | 9.1)

IIyctb S=S. Torma Boga cBOOOAHO MamaeT B «OE3MOHHOM» LUIUHAPE, H
BBINOJIHSAETCS (hopMyJia CBOOOTHOTO A ICHUS:

2

a 9TO COBEpIICHHO He coryacyercs ¢ Gopmynoi (9.1). Bo3HukaeT Bompoc: Kakou
IJIOIIAAN JIOJDKHO OBITh «Majioe» OTBEPCTHE, UYTOObI MOXKHO ObUIO OBl MPU3HATH
MOJIeNIb U3 I1. 6.1 agekBaTHOM?

C 1pyroii CTOPOHEL, IPH S = S BpeMs Ha MOJHOE BHITEKAHUE

2H,
g

COBMAJACT C BPEMEHEM, BBIYUCIICHHBIM 110 opmysie (6.5) u3 m. 6.1:

=2 2

SV 9
BriBoa: mpoBepsis MaremMaTHyecKass MOJEIb Ha OCHOBE OTHEIbHBIX XapaKTEPUCTHK,
3HA4YEHUS KOTOPBIX HAWIEHBbl AHAJIU30M MOJEIH, MOKHO IIOJYyYHUTh COIJIACHE C
HaTYpPHBIM 3KCIIEPUMEHTOM H, SIKOOBI, «JI0Ka3aTeIbCTBO KOPPEKTHOCTHU» HE BIIOJIHE
KOPPEKTHOM MaTeMaTthdeckon wmoaenu. Ho u HaTypHble, WM BBIYUCIUTEIBHBIE
DKCIEPUMEHTBl HHMYEr0 HE  JOKa3blBalOT, a TOJBKO MOTYT KOCBEHHO
CBUJIETEIBCTBOBATH 00 aJIEKBATHOCTH MAaTEMATHYECKOW MOJEIIH.

Jns yTOYHEHHsT MaTEMAaTHYECKOM MOJEIHM 3aMETHM, YTO NPHU JBUKEHUU
KMJIKOCTH B COCYJIe U3MeHeHue B mpoMexyTok Bpemenn O Bceit ee motenmmansHoit
¥ KHHETUYECKOH YHEpIyuH MTI0C KMHETHYECKAs YHEPIUsl BBITEKIIeH Bojbl 3a Bpems Ot
PABHO HYJIIO B CWJIy 3aKOHA COXPAaHEHHUsI DHEPTHH.

[Iycth Wp — MOTEHIMAITbHAS SHEPTHS )KUIKOCTH B cocyne, W, — kuHeTHdyeckas

t" =

SHeprus KuaKkocT B cocyne, dT — kuHeTHYeckas SHEPrUs KUAKOCTH, BBITEKIIEH U3
cocyna 3a Bpems Ot . Cxazannoe o3Hauaer, 4To
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dW, _dw, dT

=0 (9.2)
dt dt dt
[Mycte M — wmacca xwmmkoctn, BeITekmiedl 3a Bpems Ot. Tax xak
dm=pdV = pSdH , 1o
H H S
Wp:ngdm:pgSIHdH:%Hz. 9.3)
0 0

Beeoem ynpowaiowee Oonywenue: 6 cuny uecxHcumaemocmu HCUOKOCHMU

CKOPOCMb 0BUIICEHUST 8CeX ee Yacmuy 6HU3 (N0 0cu) 00OUHAKOBA U PABHA H . Torna
KMHETHYECKAasi SHEPTUs BCEU )KUIAKOCTH B COCY/JIC pPaBHA:
12 12
mH? _ pSH H
BBenenHoe nmpenmnosioxKeHUe UTHOPUPYET JIBUKECHHUE KUJKOCTU B TOPU3OHTAILHOM
HaIpaBJICHUU B HUKHEW 4acCTH COCYJIa, OKOJIO CIIMBHOrO oTBepcTHsi. OHO TeM Oosiee
BEPHO, YeM OOJIbIIIE ITTUHA COCY/Ia 10 CPABHEHUIO C MUIOMIABI0 CEYEHUS U YeM OOJIbIIIe
OTBEPCTHUE IO CPABHEHHUIO C IUIOMIAIbI0 CCUCHUS.
CKOpOCTh M3MEHEHUSI KMHETHYECKOM JHEPIUU KUJKOCTH, BBITCKAIOUIECH 3a
BpeMst dt , MOXET OBITh BBIUKCIICHA MO (PopMyIIe:
2 2 2
dT 1 \Y; 1 .V .V
— =—|dm— |==| pSHdt— |= pSH—. (9.5)
dt dt 2 dt 2 2

[ToxcraBum (9.3), (9.4) u (9.5) B (9.2). [Tonyuyum nocie quddepeHIPOBAHHMS:

W, = (9.4)

3 2
pSH7+pSH H H—pS+pS(Sj H7—0,
S

" 1((SY _|H?
H=—|g-——|| 2| -1|—1. 9.6
g 5 (sj 5 (9.6)

[TonydyenHoe ypaBHEHUE 2-TO TMOpsAJKa SBISAETCS MATEeMaTUYECKOW MOJIEIIbIO
U3y4aeMOro Impouecca OnyCKaHus YPOBHS KUIAKOCTH B COCYAE C OTBEPCTUEM B JHE
cocyJa IpHU CCIIAHHOM YIIPOLIAOIIEM JONYIIEHNUH.

[IpoaHamu3MpyeM MOJIy4EeHHOE YPAaBHEHHE. 3aMETHM, UTO TP S = S ypOBEHD
KHUJIKOCTH, KaK CJIEI0BAI0 0XKHJATh, AJAeT C YCKOPEHUEM CBOOOIHOIO majaeHus J .

Tanee, nycrs H* — 3Hauenue cxopoctu H, oOpararoiiee B HOJb MPABYIO YacTh
ypaBuenus (9.6). OueBuaHO,

(9.7)

[Iponecc mpoucxoaut tak. CHavana H= 0, morom B cumy (6) CKOPOCTb IBIKEHHSI
YPOBHs BO3PACTAET, IOKa H<H"*, norom yObIBaeT, Koria H>H". Moxuo
nokasats, uro H crabummsupyercs oxono H*. TI03ToMy NpHOIIKEHHO MOMKHO
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S 2gH

3amenuth B (7) H* wa H: H=-= ———— . Torma mnomy4urcs
S\1-(s/S)
MareMaTuveckass Mojeidb Kak yrouHeHue ypaBHeHus (9.3) u3 m. 6.1, U3 KOTOpOTro

BUJIHO, KaK «Majas» BeIUYrHa S/ S Bmmser ma pesynprar. duddepeHunpys
MOCJIeTHee ypaBHEHHE, MOTyYuM BMecTO (6.4) 3 1. 6.1

_ s g
H = */H_"_g\/z(l—sz/sz)t

2
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10. HexoppexkTHbie MaTeMaTuueckune moaesn. Ilposepka
KOPPEKTHOCTH MATEMATH4Y€CKOIl MO/1e/IH UCI0JIb30BAHUEM
Pa3IMYHBIX PYHIAMEHTAJIbHBIX 3AKOHOB

Bormpoc 0 ToM, B KakOi Mepe MareMarudecKass MOJEIb MPAaBUJIBHO OTPAKaeT
CBOMCTBa M3ydyaeMOro oOOBEKTa, SBISETCS KIIOYEBHIM B  MaTEeMaTHYECKOM
MoAeNUpoBaHuU. [IpMUMHON HEaaeKBaTHOCTH MOJEIH MOTYT OBITh pa3jInyHbIC
HMCTOYHUKHU. Bo-NepBbIX, HCIOIB30BaHHBIE YIPOIIAIOIIME YCIOBHUs, HaIpUMED,
3aBE€IOMO HEJIMHEWHBIE CBOWCTBA «ANNPOKCUMHUPYIOTCS» JUHEHHBIMUA. BO-BTOPBIX,
MOTYT OBITh HEKOPPEKTHO MPUMEHEHbI (U3MUYECKHUE 3aKOHbI. TakuMm MpuMepoM
ABJISIETCA MAaTEeMaTU4eCKass MOJENb JKCIEPUMEHTAIBHOTO BBIYMCICHUS CKOPOCTH
yJIH, MoJlydeHHas B 1. 4.1,

10.1. 3akoH coxpaHeHHMs MMIIYJIbCA.
JKCIEePUMEHTAIbHOE BbIYUCIEHNEe CKOPOCTH IYJIH
3akon coxpanenua umnynbca. B W30JIHPOBAHHON cHCTeMe CyMMapHOe
KOJIMYECTBO ABM/KEHHMS He H3MEHSIeTCS:

> my, =const.

[IpumeHeHune a1 HaX0XACHHS BEIMYUHBI V (CKOPOCTH CUCTEMBI «ITYJISI—TPYy3»
cpa3y Hociie CTOJIKHOBEHUS) 3aKOHA COXPAHEHUS UMITYJIbCA, & HE 3aKOHA COXPAaHEHHUS
MEXaHUYECKON HSHEPruu, MPUBOAMUT K IPYTUM pe3yibTaTam. YOeaumcs, 4To IS

CKOPOCTU MyJu V moiydaercs dopmyia, Jaronias 3HAYCHHUE B 1/(m+ M ) / m pa3

MECHBIIIE, YeM MoJTyJarorieecs o ¢popmyie (4.2), m. 4.1.

JleHcTBUTENHHO, W3 3aKOHA COXpPAaHEHHUS UMITyJibca (KOJIMYECTBA JBUYKEHUSA)
CJIeIyeT: B MOMEHT KOHTaKTa KOJMYECTBO JABUKCHUS MYJU M KOJTUYECTBO JIBUIKEHUS
CUCTEMBI «ITyJISI—TPy3» COBMIAIAIOT:

mv=(M+m)V, (10.1)
Btopoe paBenctBo (4.1) coxpansercs:
2
(M +m)=-=(M +m)gl (1-cosar). (102

Uckrouas u3 cucremsr (10.1), (10.2) ckopocts V, monyuum:

m+ M
=—./201(1- :
v - \/g( cosa )

4yTO U TpeboBanock. Hanmpumep, ecinu macca rpysa B 9 pa3 Oosbliie Macchl MyJid, TO
CKOPOCTH ITyJIH TI0 TIOCeAHeH opMyJie B 3 pasa Bbliiie, ueM 1o dpopmyiie (4.2), m. 4.1,
YTO CBUJIETEIICTBYET O IBHOW HEKOPPEKTHOCTH IIEPBOM MOJEIIH.

10.2. 3akoH coxpaHeHusi JHeprun. J{BukeHue mapuka,
COCIMHEHHOI0 C NMPYKUHOHU

[Toaxo/1bl, ¢ MOMOIIEI0 KOTOPBIX CTPOUIUCH MOJIEINH, HE JIOJIKHBI, pa3yMeeTcs,
MIPOTUBOPEUYUTH APYTUM (DyHIaMEHTATBHBIM 3aKOHAM TPHUPOoAbl. COOTBETCTBYIONIAS

MPOBEPKAa HEMPOTHUBOPEYMBOCTH (E€CIM OHa BO3MO’KHA) BeCchbMa TIOJIE3HA A
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YCTaHOBJICHHUs IIPaBUWIBHOCTH Moaened. I[losgcHuM 3T0, ucCnosb3ys JUisl BbIBOJA
ypaBuenus (4.9), He 3axon Hotomona, a 3axown coxpanenus suepeuu. [IoCKOIbKY TOUKa
KpEIUJIEHUSI IPYKUHBI HEMOJBUKHA, TO CTEHKAa HE COBEpUIAET padOTy HaJ CHCTEMOWU
«mpyXKMHa—IIapuK» (M HA000pOT), U €€ MOJHAsT MEXaHW4YecKasi SHeprus £ ocraercs
IIOCTOSIHHOM. Bpruncinm ee. KuHeTHdeckas JHEpPrus ONPENEenseTcs IABHKECHHEM
niapuka (mpy>kKuHa CUATaeTCs HEBECOMOM ):

mv?  m(dr/dt)’
2 2

[ToTeHmanbHast SHEPTUS CUCTEMbI «COACPIKUTCS» B MPYKUHE, €€ HETPYJHO HAMTH,
onpenenuB padoTy, HEOOXOIUMYIO JJIsSl PACTSKEHUS (CXKaThs) IPYKUHBI Ha BETUYUHY
I (3akoH ['yka HCIoSIb3yeM U B 3TOM CiIydae):

E =

r r er
=—|Fds=|ksds =—.
E, .([Fs-([ss >

3aKOH COXpPAHEHHUS] MEXaHUYECKOW SHEPTUM B JAHHOM CIy4ae YMECTEH, TaK KaK
MOTEPU MEXAHWYECKOW SHEPTrUHM B JAHHOM IMPOLIECCE HE3HAYUTEIIbHBI BCIIEICTBUE
MaJIOTO TpeHus. B 3TOM — CyIIECTBEHHOE OTJIMYME JAaHHOTO IIpolecca OT
PACCMOTPEHHOTO BBIIIE SKCIEPUMEHTAIBHOTO HCCIECIOBAaHUS CKOPOCTH Tynu. Tam
pacxojJ; MEXaHMYECKOM PHEpruu Ha HarpeBaHHe OOBEKTa MPUBET K CYIIECTBEHHOM
IIOTE€PE TOYHOCTU MAaTEMATUUECKON MOJIEIIH.

Jlns HeM3MEHHOH co BpeMeHeM BenuuuHbl E=E_+E (uHTerpana sHeprum)

MOJIy4aem

e m(dr/dt)’ .\ kr* |
2 2

Tax xax dE / dt =0, To, nponudpepeHpoBaB HHTErPaN SHEPTHH, TIOTYIAEM, YTO B
0001 MOMEHT BpEMEHH UMEET MECTO PABEHCTBO:

dr dr dr dr(d°r
M———+kr—=— —+
dt dt dt dt{ dt

CrnenmoBaresibHO, B JIFOOOM MOMEHT, KOTJla IIApUK JBUKETCS, T.C. dr/ dt =0, umeer

MecTo ypaBHeHue (4.9), oTKyma cieayeT NpPaBHIBHOCTH €ro IMOJYYCHHS IEPBHIM
CII0COOOM.

B paccMoTpeHHBIX MOJIEIISX TIaBHYIO pOJIh UTpaH (DyHIaMEHTAIBHBIC 3aKOHBI,
OTIpEIEIABIINE MPOUCXOXKICHHUE U BETMUNHY CHJI, IEHCTBYIOINX Ha OOBEKT, @ BTOPOH
3aK0H HproToHa OBLT Kak OBl BCIIOMOTATEIILHBIM M IPUMEHSIJICS Ha TIOCIICAHEH CTaiun
nocTpoenus Mojaenu. KoneuHo e, Takoe JieJieHne YUCTO yCIOBHO. Beap ecnu pedb
UJET O 3ajJadax JUHAMHUKUA, TO MOXKHO HMCIOJIb30BaTh M JIPYTYIO CXEMy — CHadasa
CBS3aTh C MOMOIIBIO0 3akoHAa HbIOTOHA TPOEKIIMM YCKOPEHHS Tejla C MPOCKIUSIMU
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HGﬁCTBy}OIHHX Ha HEro CHJI, a 3ar€M, HUCXOAd K3 TCX HIHM HHBIX COO6pa}KeHI/II\;I,
BBIYHCJINTDG OTH CHJIBI KaK (bYHKHI/II/I KOOPpAWHAT, II0JIYYHB 3aMKHYTYI0 MOJICJIb.

Bonpocsl 11 CaMOKOHTPOJIA

CyIIHOCTh MATEMATUYECKOTO MOJICIIMPOBAHMUSL.
OO0uue NpUHIHUIBI TOCTPOCHUSI MATEMATUYECKUX MO/IETICH.
Tunel palmoHaNbHBIX PACCYKICHUU.

e

. OyHIaMeHTaNbHBIE 3aKOHBI IPUPOBI KaK CPEICTBO MOCTPOCHUS MATEMATUYECKUX
MoJieei. 3aKOH COXPaHEHUS SHEPTUU. DKCIEPUMEHTAIBHOE BBIUKCICHHUE
CKOPOCTH ITyJIH.

5. DyHaaMeHTalbHbIE 3aKOHBI TPUPOJBI KAK CPEACTBO MOCTPOECHUS MATEMATHYECKUX

MOJEeNeN. 3aKOH COXpaHEHUs Macchl. Pacniaa palnOakKTUBHOIO BEUIECTBA.

6. @yHmamMeHTaIbHBIE 3aKOHBI MPUPOJIBI KAK CPEACTBO MOCTPOCHUS MaTEMaTHIECKHIX
MoJieJIel. 3aKOH COXPaHEHHsI UMITYJIbca. [ [pUHIIMI peakKTUBHOTO ABUKECHUS.

/. @yHIaMeHTaJIbHBIE 3aKOHBI IPUPO/IbI KAK CPEACTBO MOCTPOCHUS MaTEMaTHUYECKUX
mojenei. 3akonbl 2-it HetoToHa u I'yka. J[BrkeHue mapuka, COeIMHEHHOTO C
IIPYKUHOM.

8. IlpoBepka KOPpEKTHOCTH MaTE€MaTHYECKOM MOJENM €€ MOCTPOEHUEM Ha OCHOBE
Pa3IMYHBIX TOAXOA0B. J[BMKEHUE IIAPUKA, IPUCOECTUHEHHOIO K Py KUHE. 3AKOHBI
2-11 HeroToHa u ['yka. 3akoH coXpaHEHUS YHEPTUH.

9. BapuaruoHHbIe MPUHIIMITBI KaK CPEICTBO MOCTPOCHHS MAaTEMaTHIECKUX MOJIETICH.
[IprHIMn npenomienus ceera Pepma.

10.ITpumeHenne aHaIOTHH MPU TOCTPOCHUHU MO/IeNeld. BriTekanue sKUIKOCTH U3
COCyJla C MQJIBIM OTBEPCTHEM.

11.IIpumeHeHune aHaIoruil Ipy MOCTPOEeHUU MoAenen. Moaens ManbTyca.

12.Henuneitnpie MaTemMaTrueckue Mojienu. [lomysimonabie MOeu. Y TOUHEHNE
Teopun ManbTyca.

13.Konebanus ynpyrux ten. BoiaHoBoe ypaBHEHUE.

14.YpaBHEHUE TEILUIONPOBOJHOCTH.

15.YTouHeHue MaTeMaTuueckoil Moienu. BeiTekanue sKUAKOCTH U3 COCya

16.HexoppekTHbIE MaTeMaTHYECKHE MOJEIH. 3aKOH COXpaHEHUS HWMITyJbCa.
OKCNEepUMEHTAIIBHOE BBIYMCIIEHUE CKOPOCTH ITYJIH.

17.1TpoBepka KOPPEKTHOCTH MaTEMATHUYECKONH MOJENIN HCIOJIb30BAHUEM PA3IUYHBIX

3aKOHOB. 3aKOH COXPAaHEHWsS HHEpruu. [[BHKeHue Iapuka, COEAMHEHHOTO C

Py KUHOMU.
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